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PREFACE. 



The object of the following treatise is to exhibit, in a concise 
form, the elementary properties of the expressions known by 
the name of Laplace's Functions, or Spherical Harmonics, 
and of some other expressions of a similar nature. I do not, 
of course, profess to have produced a complete treatise on 
these functions, but merely to have given such an introduc- 
I tory sketch as may facilitate the study of the numerous 
works and memoirs in which they are employed. As 
Spherical Harmonics derive their chief interest and utility 
from their physical applications, I have endeavoured from 
the outset to keep these applications in view. 

I must express my acknowledgments to the Eev. C. H. 
Prior, Fellow of Pembroke College, for his kind revision of 
the proof-sheets as they passed through the press. 



N. M. FERRERS. 



GONYILLE AND CaiUS CoLLSOB, 

August, 1877. 



F. H. 
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CHAPTER I. 

INTRODUCTORY. DEFINITION OF SPHERICAL HARIkJiONICS. 

1. If F be the potential of an attractiug mass, at any 
point X, y, z, not forming a part of the mass itself, it is 
known that Fmust satisfy the differential equation 

dz+d^+d?-" (^)' 

or, as we shall write it for shortness, V*F=0. 

The general solution of this equation cannot be obtained 
in finite terms. We can, however, determine an expression 
which we shall call F,, an homogeneous function of a;, y, z 
of the degree i, % being any positive integer, which will 
satisfy the equation ; and we may prove that to every such 
solution Vi there corresponds another, of the degree — (t + 1), 

expressed by -^ , where r* = a?" + y* + z\ 

For the equation (1) when transformed to polar co-ordi- 
nates by writing x = r sii^ ^ cos ^, y = r sin 5 sin ^, ;? = r cos 6, 
becomes 

d^{rV) . 1 d f^,^a^V\ . 1 d?V 



di> 



^ 1 d ( . ^rfK\ 1 «f/ . ,„ 



And since F satisfies this equation, and is an homo- 
geneous function of the degree i, V^ must satisfy the equa- 
tion 



d^V, 



= 0, 



t(i +1) F + -^—^ -jix ( sin d -~] + -r—^^ , ,, 

F. H* 1 
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since this is the form which equation (2) assumes when V 
is an homogeneous function of the degree i. 

Now, put Vf = r^*** C^, and this becomes 

or 
i(f + l)tr, + 4-.;^fsine^U-Jr5 5§ = (2). 

Now, since Z^ is a homogeneous function of the degree 

- (i + 1). 

dr * dr 

I 

dr* dr 

U 
= i(t+l)^; 

therefore equation (2) becomes 

shewing that JI^ is an admissible value of F, as satisfying 
equation (2). 

It appears therefore that every form of C^ can be ob- 
tained from F„ by dividing by r'*'*^ and conversely, that 
every form of F] can be obtained from Z^ by multiplying 
by r^\ Such an expression as F, we shall call a Solid 
Spherical Harmonic of the degree i. The result obtained 
j by dividmg F, by t\ which will be a function of two inde- 
pendent variables and ^ only, we shall call a Surface 
Spherical Harmonic of the same degree. A very important 
form of spherical harmonics is that which is independent 



*-^ 



^ dJ'irV) 1 d 

^ €tr ■*" sin 6 d6 



DEFINITION OF SPHERICAL HAItMONICfi. 3 

of <f>. The solid harmonics of this form will involve two of 
the variables, x and y, only in the form a^ + j^, or will be 
functions of a?' + y* and z. Harmonics independent of ^ are 
called Zonal Harmonics, and are distinguished, like spherical 
.harmonics in general, into Solid and Surface Harmonics. 
The investigation of their- properties will be the subject of 
the following chapter. 

The name of Spherical Harmonics was first applied to 
these functions by Sir W. Thomson and Professor Tait, in 
their Treatise on Natural Philosophy. The name " Laplace's 
CoeflScients" was employed by Whewell, on account of 
Laplace having discussed their propertiies, and employed 
them largely in the Mecanique C^este. Pratt, in his 
Treatise, on = the Figure of the Earth, limits the name of 
Laplace's Coefficients' to Zonal Harmonics, and designates 
all other spherical harmonics by the name of Laplace's 
Functions, The Zonal Harmonic in thb case which we shall 
consider in the, following chapter, i.e., in which the system 
is symmetrical about the line from which is measured, 
was really, however, first introduced by Legendre, although 
the properties of spherical harmonics in general were first 
discussed by Laplace; and Mr Todhunter, in his Treatise, 
on this account calls, them by the name of "Legendre's 
CoeflScients," applying the name of " Laplace's Coefficients " 
to the form which the Zonal Harmonic assumes when in 
place of cos^, we write cos^cos5' + sin 5sini9'cos(0 — ^'). 
The name " Kugelfunctionen " is employed by Heine, 
in his standard treatise on these functions, to designate 
Spherical Harmonics in general. 
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CHAPTER II. 



ZONAIi HARMONICS. 



1. We shall in this chapter regard a Zonal Solid Har- 
monic, of the degree i, as a homogeneous function of 
(x^ +y^i, and z, of the degree i, which satisfies the equation 

dix? dy^ d^ 

Now, if this be transformed to polar co-ordinates, by 
writing r sin B cos ^ for a;, r sin Q sin ^ for y, r cos for z, we 
observe, in the first place, that a;* -h 3/* = r* sin^ d. Hence 
V will be independent of <f>, or will be a function of r 
and 6 only. The differential equation between r and 
which it must therefore satisfy wiU be 

dir sm0 d0 V d0J 

Now V, being a function of r of the degree f, may be 
expressed in the form r*P,, where P, is a function of only. 
Hence this equation becomes 

or, putting cos 0='fi, 

In accordance with our definition of spherical surface 
harmonics, P, will be the zonal surface harmonic of the 
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degree i. When it is necessary to particularise the variable 
involved in it, we shall write it P, (ji). 

The Hne from which is measured, or in other words 
for which /a = 1, is called the Axis of the system of Zonal 
Harmonics; and the point in which the positive direction 
of the axis meets a sphere whose centre is the origin of 
co-ordinates, and radius unity, is called the Pole of the 
system. 

Any con*~tant multiple of a zonal harmonic (solid or 
surface) is itself a zonal harmonic of the same order. 

2. The zonal harmonic of the degree i, of which the 
line /A = 1 is the axis, is a perfectly determinate function of 
ft, having nothing arbitrary but this constant. For the 
expression r*F^ may be expressed as a rational integral 
homogeneous function of r and z, and therefore P, will be 
a rational integral function of cos 0, that is of fi, of the 
degree i, and will involve none but positive -integral powers 

of /i. 

But'P, is a particular integral of the equation- 

il^l-'^'^^V^'^^'+l^/W-O (3). 

and the most general form of f(ji) must involve two ar- 
bitrary constants. Suppose then that the most general 

form oifiji) is represented by P, \vdfi. . We then havei 



+ 2(l-/*')ft,4-P4{(l-M')..}, 



Hence, adding these two equations together, and ob-» 
serving that, since P, satisfies the equation (3), the coefficient 
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oF jvdfi win be identically eq[ual to 0, we obtain, for the de- 
termination of V, the equation 

r,|{(i-/*>}+2(i-^')g«=o. 

whence .P.(l-/*')^+2{(l-/t') ^-/^jt>=.0, 



or 



?^(|f-r^-)*"»- 



the integral of which is 

log V + log P/ (1 - /a') = log C^ = a constant ; 



.'. v= 



p: (1 - /) ■ 

Hence jvdii = C+C,j ^^ ^^_^. ; 

and we obtain, for the most general form oif{ji), 

Now, P| being a rational integral function of fi of i 

dimensions, it may be seen that lyz ^rrm will assume the 

form of the sum of f + 2 logarithms and i fractions, and 
therefore cannot be expressed as a rational integral function 

of /M. Expressions of the form P^ I j- \| p, are called KugeU 

functionen der zwetter Art by Heine, who has investigated 
their properties at great length. They have, as will hereafter 
be seen, interesting applications to the attraction of a sphe- 
roid bn an external point. We shall discuss their properties 
more fully hereafter. 

. 3. We have thus shewn that the most general isolution 
of. equation (2) of the form of a rational integral function of u 
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involves but one arbitrary constant, and that as a factor. 
We shall henceforth denote by P„ or P, (^), that particular 
form of the integral which assumes the value unity when ^ 
is put equal to unity. 

We shall next prove the following important proposition. 

Ifhbe less than unity, and if {I- 2/Lth + h')"'^ he expanded 
in a series proceeding by ascending powers of h, the coefficient 
of h} will be T^. 

Or, (i-2/an-hT*=Po+Pit+..,+Piy + ... 

We shall prove this by shewing that, if H be written for 
(1 — 2/i/i + A*)"^, H will satisfy the differential equation 

For, since S= (1 - 2/*A + A')-*, 

« - 2/*ff' + 3 (1 - (I*) H' ^- 

=ir'(i-M); 
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= -3/*fl''+ 3 {(1 - /**) A+ (1 -M) O- A)l fl* 

= - SftH*+S {n (1 + A*) - V*} •H' 
= - 3/t {5* - (1 - 2/iA + /i*) H'} 
«= 0, since 1 - 2/iA + A' = J"*. 

Therefore ||(1 - ^•) ^| + A ^^. (A5) . 0. 

This may also be shewn as follows. 

If X, y, z be the co-ordinates of any point, / the distance 
of a fixed point, situated on the axis of z, from the origin, 
and JB be the distance between these points, we know that, 

and that ^* ( -^ J = 0. 

Now, transform these expressions to polar co-ordinates, 
by writing 

a: = rsin^cos0, y = rsin^sin^, 2: = rcos^, 

and we get 

iJ' = r^-2/rcos^ + a'*, 

and the differential equation becomes. 

d' /r\ , 1 d ( . ^d 



dr' 



fi)+^lh^l(S}=^' 



2 ) 
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or, putting COS ^ = /a. 

Now, putting r — z'h, we see that 

i?* 1 

a ii 

1 H 

••• i=*^' 

.\ the above equation becomes 



or 
/ 






4. Having established this proposition, we may proceed 
as follows; 

It p^ be the coeflScient of h* in the expansion of H^ 

.\ hH=^h'[-pJf^*+pJi^ + ...+pJi**^+... 
:. h ^j {hH) = 1 .2p,A + 2 .3p^*+ ... +i(* + l)M' + .- 
Also, the coefficient of A* in the expansion of 

Hence equating to zero the coefficient of h*. 
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Also p^ is a rational integral function of fi. 
And, when /i = 1, 22"= (1 - 2A + A')-i 

= l+A + A* + ...+A' + .., 

Or when /It =s 1, p^ = 1. 
Therefore p^ is whf^t we have already denoted by P,. 

We have thus shewn that, if h be less than 1, 

If h be greater than 1, this series becomes divergent. 
But we may write 



hV''^'h'^":^h''^"r 



since v is less than 1, 
it 



P P P 

" h "^fc^T" — "^^i+i"^ — • 

Hence P, is also the coefficient of A""^*+^> in the expan- 

^ 1 

sion of (1 — 2/aA + a*) "^ in ascending powers of r when h is 

greater than 1. We may express thid in a notation which is 
strictly continuous, by sayii^ that 

P«=P-(i+i)* 

This might have been anticipated, from the fact that the 
fundamental diiFerential equation for Pi is unaltered if 
— (% + 1) be' written in place of t ; for the poly way in 
which i appears in that equation is in the coefficient of P^, 
which is % {% + 1). Writing — (i + 1) in place of %, this be- 
comes — (% + 1) {— (%+ 1) + 1} or {% + !) %, and is therefore 
unaltered. 
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5. We shall next prove , that 

.^* > /'' l.2...idz\r)' 
where r* = a;* + y* + «'. 

Let \={^-^f+A^=f(z), 

and let k be any quantity less than r. . 

Then [x^ + y' + C« - Jfc)'}-* =/ (^ - A:), 

and, developing by Taylor*s Theorem, the coefficient of k' is 

Also {as' + y* + (if -A;)?}-i = (r'-2;b + &»)-* 

since z = /-tr, 

in the expansion of which, the coefficient of A;' is 

. ^. 

■pi- 
Equating these results, we get 

r .. The value of P, might be calculated, either by expanding 
.(3ft^ 2/LtA + /t*)"^ by the Binomial Theorem, or by effecting the 

' difierentiations in the expression (— 1)* ^ •-ni-] y 

1 . ^ . o • . . t a;3 \rj 

and^in the result putting - = /a. Both these methods how- 
ever would be somewhat laborious ; we proceed therefore to 
investigate more convenient expressions. 



« * 
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6. The first process shews, by the aid of Lagrange's 
Theorem, that 

Let y denote a quantity, such that 

h being less than 1. 

Then 

1 
dy h 1 

\ h h^J 

Also (y_iy=l_^+l; 



Heuce, by Lagrange's Theorem, 

therefore, differentiating vith respect to ft and observing 
that 



y- rf* /;*' - ly 

■'■l.2...tV/*'V 2 >^"^ — 
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7. From this form of P, it may be readily shewn that 
the values of fjL, which satisfy the equation P, = 0, are all real, 
and all lie between — 1 and L 

For the equation 

(/tA*— 1)* = has t roots = 1, and i roots = — 1, 

/. -T- 0^'— 1)* = has t — 1 roots = 1, (i — 1) roots = — 1, and 
one root = 0, 

-T-5 (/A* — 1)* = has (t — 2) roots = 1, one root between 1 

and 0, one between and = — 1, and (i — 2) roots = —1, 
and so on. Hence it follows that 

d* i i 

T-, {jjf — 1)* = has 5 roots between 1 and 0, and ^ roots be- 
tween and — 1, if i be even, 

• 1 * 1 

and — jr— roots between 1 and 0, — ^— roots between and 

1, and one root = 0, if % be odd. 

It is hardly necessary to observe that the positive roots of 
each of these equations are severally equal in absolute mag- 
nitude to the negative roots. 

8. We may take this opportunity of introducing an im- 
portant theorem, due to Rodrigues, properly belonging to 
the Differential Calculus, but which is of great use in this 
subject. 

The theorem in question is as follows: 
i/*m he any inteffer less than i, 

rf»*^^ ' 1,2... (i + w) ^ ' dx^^ ^ 
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It may be proved in the following manner* 

If (x*— 1)* be differentiated * — m times, then, since the 
equation 

(a:»-iy = 

has t roots each equal to 1, and t roots each equal » — 1, it 
follows that the equation 



has i-^iji-- m) roots (i. e. rn) roots each = 1, and m roots 
each = — 1, in other words that (a^ — 1;* is a factor of 

We proceed to calculate the other factor. 

For this purpose consider the expression 

(a; + oJ (a?+aj ... (x + aj (a? + i8J (x + jS^ ... (a? + A)- 

Conceive this differentiated (I) * — m times, (II) i + 77i 
times. The two expressions thus obtained will consist of an 
equal number of terms, and to any term in (I) will corre- 
spond one term in (II), such that their product will be 
(x + o^) (a? + a,) ... (a?+aj (a? + )9i) C^ + A) ... (x+i8,),i.e. the 
term m (II) is the product of all the factors omitted from 
the corresponding term in (I) and of those factors onl/. 
Two such terms may be said to be. complementary to each 
other. 

Now, conceive a term in (11) the product of p factors of 
the form aj + a, say x + a', a? + a' ...x + a^*, and of ^factors 
of the form x + )8, say x + fi^y x + i8^^...x + i8^). We must 
have2>+ J = i — m. 

The complementary term in (I) will involve 

p factors X + /y, x+/8" ...x+^S*^, 

g factors X + 2^ X + a^ ... X + 0,,,. 
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Now, every term in (I) is oti + m dimensions. We have 
accounted for p+ J. (or i — m) factors in the particular term 
we are considering. There remain therefore 2m factors to 
be accounted for. None of the letters 

can appear there. Hence the remaining factor must involve 
VI a's and m ^'s, — say, 

i*> ji . . . fffl, 

iJHi jP • • • mM • 

There will be another term in (II) containing 
(^ + /8') {x-^P") ... {x + 0^') {x + a) (a? + aj ... (^ + aj. 
The corresponding term in (I) will be, as shewn above, 
(.r + aO(x + a") ... [x^-c.^) {x + ^) (a: + y9J ... (^ + /3J 
{x + ^a)ix + ,i)...{x + ^^){x + ^fi){x-h^)...{x + j3). 

Hence, the sum of these two terms of (I) divided by the 
sum of the complementary two terms of (II) is 

(a; + ,a) (x + ,«) ... {x + ^oi) {x + ^0) (x + ^0) ... (a? + J3). 

Now, let each of the a's be equal to 1, and each of the ^'s 
equal to — 1, then this becomes (aj* — 1)*". The sain6 factor 
enters into every such pair of the terms of (I). Hence 

Or J^,^ = {x^ - !)"• — -^ , to a numerical 

factor pr^. 

The factor may easily.be calculated, by considering that 

the coeflBcient of x*^ in — ^-p^j^— ^is2i(2i-l)...(i+m+l), 

cZ*** (x* — 1)* 
and that the coeflScient of af'^ in Vti^s — ^s 

2i(2i-l)...(f + w+l)(i + w)...(i-m + l). 
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Hence the factor is 



1 1.2...(i — m) 

,or ^ ' 



(t+m)(f + m-l)...(i-m + l)' 1.2... (»+m)' 

J' 
9. This theorem affords a direct proof that C-^^ (ft* —1)*, 

C being any constant^ is a value of / (ja) which satisfies the 
equation 

from abovei 



or 



Hence, the given differential equation is satisfied by put- 
ting/Ot)-C^.(/*«-l)'. 

Introducing the condition that P, is that value of / (ji) 
which is equal to 1, when /a = 1, we get 

1 d* 

10. We shall now establish two very important proper- 
ties of the function P, ; and apply them to obtain the develop- 
mont of P| in a series. 



ZONAL HARMONICS, 17 

The properties in question are as follows r 
If i wind m he uneqiuil positive integers, 

And Ij^^^-'irV ^ 

The following is a proof of the first property. 
We have 

Multiplying the first of these equations by P^ the second 
by Pp subtracting and integrating, we get 

+ {{{i+l)^fn{m + l)}jP,PJii = 0. 

Hence, transforming the first two integrals by integration 
by parts, and remarking that 

i{i+l) — m(m4-l) = (i — w) (i+ m + 1), 
we get 

(-''■)(^-f-^.t)-/(-'")(tf-ft)*'' 

+ (i -m)(i + m + l)jp,p„dp, = 0, 



or 



since the second term vanishes identically. 

F. H. 2 
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Hence, taking the integral between the limits — 1 and 
+ 1, we remark that the fia^ctor 1 —/a" vanishes at both limits, 
and therefore, eacq[>t when i — m, or t + m + 1 = 0, 

-1 
We may remark also that we have in general 



/: 



/ 



m 



pdP,_p dP. 



a result which will be useful hereafter. 

11. "We will now consider the cases in which 

t — w, or i + w + 1 = 0. 

We see that i+ m + 1 cannot be equal to 0, if i and m are 
both positive integers. Hence we need only discuss the 
case in which m = i. We may remark, however, that since 

P, = P_(,+i), the determination of the value of / PJ dfM will also 
give the value of I PiP^^.^) <?/*. 

The value of I Ptd/i may be calculated as follows : 
(1 -2/Jt+ h*)-i^P,+PJt + ... + PJt' + ... ; 

=Po'+p,»A«+ ... + p;h"+ ... 

+ 2P,PJi + 2P,P^* + . . . + 2P,P,A« + . . . 
Integrate both sides with respect to /i; then since 



/ 



(1 - 2/*A + A*)-M/* = - i log (1 - 2/*A + A"), 



2h 
we get, taking this integral between the limits — 1 and + 1, 

I ^^S I^ = /' •^•*'^'* + ** r ^''^'^ + . . . + A" J' P.V/* + . . . 
all the other termd vanishing, by the theorem just proved. 
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Now log^-j = 2{h + - + ...+^^^ + ...'j. 
Hence 2fl + 3 + ••• + 2^n['*'"V 

Hence, equating coeflBcie^ts of A" 



/ 



l/^-s-Vi 



12. From the equation I P,P^c?/x= 0, combined with 

J —1 

the fact that, when /a = 1, Pi = 1, and that P^ is a rational 
integral function of /a, of the degree i, P^ may be expressed 
in a series by the foUowing method. 

We may observe in the first place that, if m be any 

integer less than <, I yS^F^dy^ = 0. 

For as P^ P„_j ... may all be expressed as rational in- 
tegral functions of /x, of the degrees m, m — 1 ... respectively, 
it follows that /a*" will be a linear function of P^ and zonal 
harmonics of lower orders, /a"*"* of P«_j and zonal harmonics of 

lower orders, and so on, HenCe l/x"*P,(f/A will be the sum of 

a series of. multiples of quantities of the form / PJPidyb^ 

m being less than i, and therefore 1 f'^Pi'^H' = 0, if w be any 
integer less than i. 
Again, since 

(l-2/iA + AVi = Po + P,A+... + P,^*+... 

it follows, writing — h for A, that 

(1 + 2M + Ar* = P«-PiA+ •.. + (- lyi^iA*-*-.. . 

2—2 
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And writing — /x for /^ in the first equation, 

P/, P/...P/... denoting the values which P^, Pj...P^, 
respectively assume, when —/a is written for fi. Hence 
P^'szP^ or — P,, according as i is even or odd. That is, 
P^ involves only odd, or only even, powers of i, according 
as i is odd or even*. 

Assume then 

P, = j1,/a* + A.2/**"^+ — 

Our object is to determine -4„ A^_^.... 

Then, multiplying successively by /x*"*, /a*"*, ... and inte- 
grating from — 1 to + 1, we obtain the following system of 
equations : 



/i A A 



2i-3 2i-5 2t-2a-3 



A A •A 



2i-25-l ' 2i-25-3 2i-4s-l 



+ ... = 0. 



And lastly, since P, = 1, when /a == 1, 

the last terms of the first members of these several equa- 
tions being 

AAA 

AAA 
—^- ^ — ^ >4 iftb«odd 

i-2' i_4— 2 ^^I'^^^^^^- 
IS. The mode of solving the class of systems of equa- 
tions to which this system belongs will be best seen by 
considering a particular example. 

* This is also eyident, irom the fact that P^ is a constant multiple ol 
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Suppose then that we have 



a+a 6+a c+a 

X V z ^ 

+ rr^+-— 5 = 0, 



0+/3 6 + /3 ■ C + /3 



From this system of equations we deduce the following, 
tf being any quantity whatever, 

X y z ^ 1 (g~a)(g-y3)(a+ft))(& + fl))(c+ft>) 

a-ve l^-d^ c-^-e <o (ft>-a)(ft>-^)(a+^)(6+^)(c+^)* 

For this expression is of — 1 dimension in a, b, c, a, /S, 7, 
0, o); it vanishes when = a, or = fi, and for no other 

finite value of 0, and it becomes = — , when ^ = o). 

We hence obtain 

-, /, ,.^f y , ^ V 1 (^-a)(g-^(a+a))(6+o))(c+o) ) 
'^'^^^'^^\b+0^ C+0J " (o (a,-a)(ai-/3) (6+e)(c+6^) ' 

and therefore, putting d = — a, 

1 (fl + 0L)(a + l3) (a + G))(6 + 6>)(o + fl)) 
ft)(a — i)(tt — c) (w — a) (ft) — )8) * 

with similar values for y and z. 

And, if « be infinitely great, in which cas6 the last 
equation assumes the form x +y + z=^l,wG have 

_ {a + a){a + ff) 
, . '*^""(a-6)(a-o)/ 

with similar> values for y and z» ' 

14. Now consider the general system 

• — ^- + -^^+...+-^ +... = 0, 



^«+«i^ ^*-l + «*^ «i^ + «*-« 
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^'^^ '''-*^+...+ — %^^— +... = 0, 



^i + «<-» ««-« + ««-«• ^*-» + «<-«• 






a^ + oD a^ + ci» a^^ + to to 

the number of equations, and therefore of letters of the 

forms X and a, being — ^ if i be odd, ^ + 1 if i be even ; and 

i — 1 . 

the number of letters of the form a being — ^ if i be odd, 

and o " 1 if i be even, 

JU 

We obtain, as before, 



^ 1_ (g-g<) ( g-0...(g-g,.y) ... ( a,+ft) )(a^+ft))...(g^-ffl))... 
o) (ci>-a,)(w-a^...(ft)-a,_^).*. (a,+^)(a,.,+(?)...(a,_j,4-tf)... 

knd, multiplying by a,.,, + 6, and then putting ^ = — a^^. 



15. To apply this to the case of zonal harmonics^ we see, 
by comparing the equations for x with the equations for A, 
that we must suppose ci» » oo ; and 

a^ = i, a^^ = t — 2,,..a,_j, = i — 2^ ••• 

a^ = t — 1, a^ = i — 3,,.. a^j, — 1 — 2^—1..* /^ 

Sence 

(2i-^2^-l)(2i-a?-3),..{2(t--2g)-l|..> 
^'-*''"(-25){-(2^-2)}...{(i-2«-l) or (i-28)} 

_. ., (2i-2g-l)(2i-2g-3)...{2(t-2^)>-l|.., 
""^■"^ 25(2«^2)...2x2.4..*(,i-2s-l)or(i-25)* 
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Or, generally, if » be odd, 

A ^ (2t-l)( 2t-3)...(t + 2) 
* 2.4...(i-l) ' 

■j. (2t-3)(2t-5)...t 

*-* 2.4...(*-3)x2 ' 

A _ (2t-5)(2i-7)...(t-2) 
*-•" 2.4...(t-5)x2.4 ' 



^ ^ ^ 2;4...(t-i)' 

And, if t be even, 

._ (2t-l)(2t-3)...C»+l) 
' 2.4...» 

A = (2t-3)(2t-5)...(t-l) 
'-» ■* 2.4...(i-2)x2 ' 

. _ (2^-5)(2^-7)...(^•-3) 
'-^ 2.4...(t-4)x2.4 * 



We give the values of the several zonal harmonics^ from 
P, to Pjjj inclusive, calculated by this formula, 

-^i-2/*-2' 



2 
5 , 3 

2^^" 2 

2 



jP. = 5/**'-oA* 



24 20KAL HABMONICSi 

_ 35/it*-30/*' + 3 
8 

P-hl »-lil « , 5-3 
» 2.4'* 2.2'*'*"2.4'^ 

- 8 ' 

* '^ 2.4.6 '* ~274x^'* ''*272".4'* ~2T4:« 

_ 231;it'' - 315m* + 105/** - 5 
IQ. ' 

p _ 13.11.9 y 11.9.7 , 9.7.5 , 7.5.3 
' 2.4.6^ 2.4x2^ "^2x2.4^ 2.4.6^* 

_ 429/t' - 693/x'' 4- SUfi" - SS/i 
~ 16 ' 

p 15.13.11.9 , 13.11.9.7 , 11.9.7.5 , 
« 2.4.6.8 '* 2.4,6x2'* ■'"2.4x2.4'* 

9.7.5.3 , ^ 7.5.3.1 
2x2.4.6'* ■'"2.4.6.8 

_ 6435/t« - 12012/a' + 6930/a* - 1260/** + 35 

128 * 

p 17.15.13.11 , 15.13.11.9 T . 13:li^9i7 , 
'~ 2.4.6.8 '* 2.4.6x2 '*■*■ 2.4x2.4'* 

11.9.7.5 , 9.7.5.3 
*"2x2.4.6'*'^2.4.6.8'* 

_ 12155/t' - 25740/ + 18018m' - 46201*' + 315/t 

128 ' 

„ _ 19.17.15.13.11 „ 17.15.13.11.9 , 15.13.11.9.7 , 
■^ 2.4.6.8.10 '*-" 2.4. 6.8x2'* +2.4. 6x2. 4'* 
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13.11.9.7.5 .11.9.7.6.3 « 9.7.5.3.1 



A^"^Ov>€) A. a Qf^ 



2.4x2.4.6^ '2x2.4.6.8^ 2.4.6.8.10 

_ 46189/t^"- 109395/i^+ 90090/t"- 30030/i*+ 3465/^'- 63 

256 

It will be observed that, when these fractions are reduced 
to their lowest terms, the denominators are in all cases 
powers of 2, the other factors being cancelled by correspond- 
ing factors in the numerator. The power of 2, in the 
denominator of P<, is that which enters as a factor into the 
continued product 1 . 2...i. 

16. We have seen that / /t"* P, . e/yx = 0, if m be any 
integer less than i. 

It will easily be seen that it m + i be an odd number, the 
values of |/x"*P,.d/x are the sairie, whether fi be put = l or 

— 1 ; but if m + T be an even number, the values of jfi^ P, . d/i 

corresponding to these limits are equal and opposite. Hence, 
(m + i being even) 

then f /A~P,.e?/iA = 0, if m = i-2, 1-4 

We may proceed to investigate the value of / /a"* P, . dfi, 

Jo ^ 
if m have any otheit value* For this purpose, resuming the 

notation of the equations of Art. 13, we see that, putting 

0szm + l, and o) = x , we have 

« - - *. . . . - , 

^ -1- ?*-« + + 5b2! + 



and 



o, + m + l a<^ + m + l at^ + m + 1 

(m + 1 - a,) (nh + l- O ,.. (m + 1 - o^,^) ... 
{a^ + m + 1) {at^-i-m + 1) ...•(a^sM + ^+ 1) ••• ^ 
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and therefore, putting a?^=jl,..., a, = »..., a, = t— 1..., 
we get 

(w + * + l)(m + i-l)... (w + 4)(mf2)"*^®^^' 
, (m — 1 + 2) (m — 14-4) ..,m .^ ., 

(wH- « + 1) (w + « — 1) ... (»» + 3) (m + 1) 

In the particular case in which m = t, we get 

"''^ = (2,-+l)(2t-l^'.'.'(l-+3)(» + l) (* «^^°>- 

1 7. We may apply these formulae to develope any positive 
integral power of /ic in a series of zonal harmonics, as we 
proceed to shew. 

Suppose that m is a positive integer, and that >"• is de- 
veloped in such a series, the coefficient of P, being 0^ so 
that 

then, multiplying both sides of this equation by JP, and inte- 
grating between the limits — 1 and 1, all the terms on the 

right-hand side will disappear except 1 G^P^^d^i^ which will 

2 ' 

become equal to ^, — r 0,. 

Hence C,^^^ j^'^Pidfi, 

which is equal to 0, if m + % be odd. Hence no terms appear 
unless m-^ihe even. In this case we have 



J n 
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Hence the formula just investigated gives 
r fc. , i> («t^i + 2)(TO-t + 4)...(m-l) 
^*~^''*'*"^''(m+t+l)(m + *-l)...(m + 4)(m + 2) 

if » be odd, and 

rr /».. . -.N (OT-t+2)(t»-i + 4)... TO 

^i - ^^» + ^; (^ ^. ,-^. 1) (^ + ;_ 1) ... (m + 3) (to + 1) ' 
if t be even. 

Therefore if m be odd, 

„ . . 2.4.6 ...(m — 1) p 

'* =^2'" + ^^(2m+l)(2TO-l).:.(m + 4)(TO+2)^«+-* 

I 7 "'"^ P I ^ P 

^'(to + 4)(to + 2j ''^m + 2 »' 

If »M be even, 

„_,- , iN___ 2.4.6...OT p 

/* -(^»» + i;(2to+1) (2m-l) ... (m + 3) (to + I)-^""^"* 

■ K in ' p , 1_ p 

■*" (TO + 3) (m + 1) « ■^m+ 1 •• 

Hence, putting for tn successively 0, 1, 2 ... 10, we get 

/* 5 3 * 3^""3^ 3 "' 

'^ 7.5 »^5 * 
■" 5 » ■*■ 5 ^' 

^ 35 * 7 »^5 •* 
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63 • 9 »^7 »' 

,_ 2.4.6 p 4.6 p 6 1 

'^ ^^^13.11.9.7^'+^Il79:7^« + ^9:7^«"*'7^« 



231 '77 * 21 » 7 " 



nt-r-ilj 2.4.6 p . Ti *'6 p . 7 6 p , §p 

'^ 15.13.11.9^ -13.11.9 "^11.9 »'*'9»* 

. =ilp+i.p+l*P+lp 
429^ 39 '33 • 3 " 

..»- t'r 2.4.6.8 p ■■- 4.6.8 p 
'* ~.^V17.15.13.11.9 •■*" 15.13.11.9'^» . 

I o 6 . 8 p ■ g 8 p 1 p 
^13.11.9 '^11.9 *^9<»' 

-Mp+64 i8 40 1 

~ 6435 V 495 " ^ 143 * ^ 99 «^ 9 *' , 

H»- IQ ^•'*-6.8 p 4.6.8 

'^ ~ 19.17.15.13.11 •^17.15.13.11^ 

I 11 6.8 p ■ y 8 p . «_1_P 

^ 15.13.11 »^- 13.11 »^ 11^' 

-J28_P 4.192 p . 16p _66 3 

12155 » 2431 ^ - 65 " ^ 143 » 11 »' 

,,10 _ oi 2.4.6.8.10 p . y 4.6.8.10 

'^ ~ 21.19.l7.15.i3.il ""^19.17.15.13.11 » 

113 6.8.10 S.aO ,5 10 p . J_p 

^^'^ 17.i5.13.il ^•^^15.18.11 ■^^^^IS.ll'^'^ll'^"' 

256 128 p 32 p ., 48 p 50 Ip 



46189 "^2717" • 187 *• 143, * 143 »^ 11 
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18. Any zonal harmonic P^ may be expressed in a finite 
series of cosines of multiples of 0, these multiples being 
id, (i-2)^.... Thus 

(l-2M + A»)-i=P,+P,A+... + P^*+...; 

therefore, writing cos 6 for /a, and observing that 

l-.2costfA + A« = (l-A€^^iO(l-A€-^^«), 
we obtain 

or 



( 



1.3...(2t-l) ^^-,, N 



1, -•/ •« l-3,.^_^_jg,_j^ ^^^ 



x(l + iAe-V-i. + |^3^VV^ 



+i4^^S^ '■--'-••) 



= P, + P,A+...4P<A'+... 
whence, equating coeflScients of h\ 

i= o . o« ' 2coszg + ^--r )^^ — ^^2cos(i-2)5 

* 2.4... 2^ 2.4 ... (2i — 2) 2 ^ ' 

+ 274:::(2i::4)-2T4 2 «««(*-*) ^+ •••• 

the last term being ■! ■ '« 'V — = — [ if » be even, and 

19. Let us next proceed to investigate the value of 

I P. cos m^ sin Q dd. 
Jo * 
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^J'his might be done, by direct integration, from the above 
expression. Or we may proceed as follows. 

The above value of P^ when multiplied by cos m0 sin 

(that is by ^ {sin (m+ 1) tf — sin (m — 1) ^}) will consist of a 

series of sines of angles of the form {i — 2n ± (m + 1)} 6, that 
is of even or odd multiples of ^, as i + m is odd or even. 
Therefore, when integrated between the limits and tt it 
will vanish, if i + m be odd. We may therefore limit our- 
selves to the case in which i + mia even. 

Again, since cos mO can be expressed in a series of powers 
of cos 0, and the highest power involved in such an expression 
is cos 0, it follows that the highest zonal harmonic in the 

development of cos m0 will be P^. Hence / P^ cos m0 sin dd 

Jo 

will be = 0, if m be less than i. 

> •• . 

Now, writing 

P, = C; cos 10 + C^^cos (i - 2) (9 + . .. 

we see that P< cos m0 sin d0 will consist of a series of sines 
of angles of the forms (m + 1 + 1) ^, (m + z — 1) ^ . . . down to 
(m — 1 — 1)^, theje being no. term involving m0y since the 
coefficient of such a term must be zero. Hence 



Jo 



P, cos m0 sin d0y 



will consist of a series of fractions whose denominators in- 
volve the factors m + ^'+l, m + i— l...m — * — 1 respectively. 
Therefore when reduced to a common denominator, the result 
will involve in its denominator the factor 

(m+i'+l) (m + V-l)...(»i + l)(m-l).,. (m-i-1) . 
if m be even, and 

(m + ; + l)(m + «-l)...(m + 2)(m-2).„(w-t-l) 
if m be odd. 

For the numerator we may observe that since 



I?' 



cos m sin 0dd 
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■Yanishes if m be less than «', it must involve the factors 
w — (i — 2), m— (i — 4) ... W + (z — 2), and that it does not 
change sign with m. Hence it will involve the factor 

{m-(*-.2)}{m-(i-4)}... (m-2)m"(w + 2)...(w + *-2) 

if m be even, and 

{m-(i-2)l{m-(i-4)}...(w-l)(m + l)...(m + ;-2) 

if m be odd. 

To determine the factor independent of m, we may pro- 
ceed as follows: 

P, = C; cos ie + C^ cos (/- 2) ^ + ... ; 
.'. P, cos w5 = 5 C^ {cos (m + i) A + cos (m — i) 6] 

+ 2 ^*-« ^^^^ ^^ + *- 2) tf + COS (m - i + 2) ^} + ... ; 

.*. P,cosm^sin^ = 2 C',[sin(m + i + l) ^ — sin (wi + i— 1) ^ 

+ sin (m — *+l)^ — sin(m — i — 1)5} 
+ ^ C^ {sin (m + i - 1) ^ - sih (m + « - 3) 5 

+ sin ( w — / + 3) ^ — sin ' ( w — i + 1 ) ^} + . . . ; 
cos md sin 6 dO 



Jo 



=:^J_i 1_+— i 1— I 

2 [wi + i+1 m + i— 1 w — i + 1 m — *— Ij 
2 \m + i--l ?/i-|-i— 3 wi — V+3 m — i+lj 
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Now, when m is very large as compared with t^ this be* 
comes 



= -2 



^<+ ^1-9 "^" ••• 



m- m" 



since C^ + G^ + ... = 1, as may be seen by putting 5=0. 

Hence / P. cos mO sin dO tends to the limit • , as m 

./o fn, 

is indefinitely increased. 

The value of the factor involving m has been shewn 
above to be 

{yyt-(i-2)}{m-(i-4)}...(m-2)m'(m + 2) ... (m+/~2) 

{m-(i-M)}{m- (i-1)} ... (w- 1) (m + l) ...(m + t+l) 
if m be even, and 

{m-(i-2)}{m-(t-4)}...(m-l)(m + l)... (yyi + i~2) 
{m - (i + 1)} [m - (i - 1)} ... (w - 2") (w + 2) ... (m + i+ 1) 

if m be odd. 

Each of these factors contains in its numerator two factors 
less than in its denominator. It approaches, therefore, when 

m is indefinitely increased, to the value -j . Hence 



m 



I P, cos m6 sin d0 
Jo 



(^-,({^2)|{m-(i-4)}...(m~2)m*(m+2)...{m+(^'-2)} 
'^{m'-{i+l)}{m-{i-l)\...{m-l){m + l)...[m+(i+l)} 

if m and { be even, and 

= _ 9 {^~(^-2 )} {m~(t-4)}...(m~l)(m+l)...{m-l-(i-2)} 
{7w-(;+l)}{m-(t-l)}...(m-2)(m+2)...{m+(»+l)} 

if m and i be odd. 

In each of these expressions i may be any integer such 
that m — i is even, t being not greater than m. Hence they 
will always be negative, except when i is equal to m* 
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20. We may apply these expressions to develop cos mO 
in a series of zonal harmonics. • 

Assume 

cosm5 = 5„P^ + 5^P^ + ...+5,P,+ ... 

Multiply by P< sin 6, and integrate between the limits 
and TT, and we get 

^ {m - {i- 2)} {m - {i - 4)} ... {m + {i- 2)} 2_ 

{m- (t + 1)} 1«» - (i- 1)} ...[«» + (i + 1)} ~ 2t + 1 '• 

Hence 

^^*"*"^^{m-(;+l)j{m-(i-l)}... {m + (*+l)} 

Hence, putting m successively = 0, 1, 2, ... 10, 
cosO^ = P,; 
cos6 = Pj; 

3^ 3^o> 

-? p _? p. 

~ 5 » 6 " 



3.0 » 



35 * 21 .» 15 •' 



F. H. 
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^. ,, 2.4.6.8 „ „ 4.6 
cos 58 =-11 , , » >, ^ ,, P. - 7 



-1.1.3.7.9.11 • 1.3.7.9 » 



-3-i-P 



cos 6^ = - 13 



-128p_8 Ip. 
~ 63 » 9 » 7 " 

2. 4. 6'. 8. 10 p 

-1.1.3.6.7.9.11.13 • 



4.6'. 8 6' p 1 

1.3.5.7.9.11 « 3.6.7.9 * 6.7 • 

512 384 4^ ^^ 

231 • 385 * 21 * 35 •' 

„a ,- 2.4.6.8.10.12 „ 

cos7^ = -15_j J 3 g g j^ ^3 jgP, 

_-. 4.6.8.10 p I- 6.8 p 3^ p 

1.3.5.9.11.13 » '3.6.9.11^ 5.9^ 

_ 1024 128 p _ 112 J^ p . 

~ 429 ' 117 ' 495 » 15 »' 

2.4.6.8M0.12.14 



cos 8^ =-17 



-1.1.3.5.7.9.11.13.15.17 ' 



4.6.8M0.12 6.8M0 „ 

1.3.5.7.9.11.13.15 • 3.5.7.9.11.13^ 

g ^' p L_p 

6 . 7 . 9 , 11 » 7 . 9 • 

16384 p 4096 p 256 p_^4 p_J_p 
~ 6435 * 3465 • 1001^ 693 » 63 "' 
cnzOB 19 2.4.6.8.10.12.14.16 

4.6.8.10.12.14 p 6.8.10.12 

1.3.6.7.11.13.15.17 ' 3.6.7.11.13.15 » 

'6.7.11.13^' 7.11 » 
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32768 p 3072 „ 128 „ 16 p 3 p 
"12155 • 2431 ' 455 » 143 » 77 " 

._ „, 2. 4. 6. 8. Iff. 12. 14. 16. 18 

coalWf ^^_i. 1.3. 5. 7. 9. 11. 13. 15. 17. 19. 21^" 

^ 4.6.8.10M2.14.16 p 
1.3.5.7.9.11.13.15.17.19 ' 

6.8.10M2.14 p 8.10*. 12 p 

3.5.7.9.11.13.15.17 • 5.7.9.11.13.15^ 

_K___15l__P L P' 

7.9.11.13 » 9.11 » 

_ 131072 p _ 32768 „ _ 512 J128 p 500 p 
~ 46189 " 24453 • 1683 • 1001 ' 9009 * 

-i-P 
.99 " 

21. The present will be a couTenient opportunity for 
inTestigating the development of sind in a series of zonal 

harmonics. Since sin ^ = (1 — /*')', it will be seen that the 
series must be infinite, and that no zonal harmonic of an odd 
order can enter, ^sume then 

sin^= C,P,+ C^P^ + ... + CiPi+ ... 

i being any even integer. 

Multiplying by P<, and integrating with respect to /* 
between the limits — 1 and + 1, we get 



/ 



1 2 



^ Jo 

supposing P| expressed in terms of the cosines of and its 
multi]|9les 

= ?i+irp^(l«cos2^(ift 

3 "" ■ 2 
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Hence, putting t = 0, 

1 3 

Putting i = 2, and observing that Pj *= ^ + y cos 20, 

^ 5 r» (1 + 3 COS 20) (1 - cos 26) ,^ 
^^^iJo 4 ^^ 

:=^ rjl+ 2 cos 25- 1 (1 + 008 40)1 rfd 

For values of i exceeding 2, we observe, that if we write 
for Pi the expression investigated in Art. 18, the only part 

of the expression I P< (1 — cos 20) d0 which does not vanish 

Jo ^ 

will arise either from the terms in P< which involve cos 20, or 
from those which are independent of 0, We have therefore 

* 4 Jo L2.4... (i + 2) 2.4... (z-2) 

_ 2i+l 1.3...(^•-l)1.3...(^•-3) 
4 •2.4... « 2.4... (t-2) 

t-1 . « + 1 2 cos 2^Vl - cos 2^ d^ 



/:c-7 



+^ 



t + 2 y 

_ 2t + 11.3...(t-l)l,3... (t-3 ) fi-l t + l\ 
4 2.4... i 2.4...(«-2)'^l t i+2j 
2* + 11.3... (i-l) 1.3... (;-3) 



= — TT 



2 2.4...«(i + 2)2.4...(t-2)»* 



Hence sm^ = ^P,-g|^P,- ... 



(2t + l)-7rl.3... (^•-l) 1.3... fi'-3) „ 

2 2.4...t(i + 2) 2.4... (t-2)« *"■'" 
t' being any even integer. 
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dP 

22. It will be seen that -— , being a rational and integral 

function of fi*'\ ft**"..., must be expressible in terms of 
-P<-i> -P<_e«»« To determine this expression, assume 

-^ = Ci.i Pi^i + C^ P<.8 + ••• + C^m-Pm + ••• 

then multiplying by P„, and integrating with respect to fi 
from — 1 to + 1, 

And jP^^d^^P.P,-JF,^d^ 



Now, since i > m. 



•••/>- 



r/. 



f^''"-"' 



^•,J,.-[P.PJ-[P^J--2. 



since either m or i must be odd, and therefore either P^ or 
P, = — 1, when /tt = — 1 ; 



2^ 

2m +1 



/.2= ^ . ., g^ or G^^2m + 1; 



/.^*=(2i-l)P^, + (2i-5)P,,3 + (2i-9)P^+... 

23. From this equation we deduce 

P,~P^ (2t-l) fp^.^/-. 

the limits fi and 1 being taken, in order that P, — P^.j may 
b^ equal to at the superior limit. 
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Now, recurring to the fundamental equation for a zonal 
harmonic, we see that 



••• -Pf -Pn- ,-(i_i)(l /**) ^^ 



= -(7 + iii)(^-'*^ 






24. We have ahready seen that I P^Pm dfi = 0, i and m 
being different positive integers. Suppose now that it is 
required to find the value of | P^Pn dfi. 

We have already seen (Art. 10) that 

K (t-OT)(i + m+l) 



And, from above. 



a-tt-^^'^-iiilDrp -P V 

n ..IN '^^«» - ^ra(m + l) ^p p . 
^^ '^ ^ "^ 2m+l ^ -« ~ -'^* 

• fpP <7a-_— 1_-_ f "t("^+l) p /p Ip ^ 

*' (* + 1) T> (p p 
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25. We 'will next proceed to give two modes of ex- 
pressing Zonal Harmonics, by means of Definite Integrals. 
The two expressions are as follows : 






d^ 



{^±(/a'*-1)*cosS^P' 

P,=.^r {,i± (jjL^ ^l)i COS fydyfr. 

These we proceed to establish. 
Consider the equation 



-I'- 

IT Jo a — 



d^ 



oa-6cos^ (a'-J')i' 

The only limitation upon the quantities denoted by a 
and b in this equation is that 6* should not be greater than 
a\ For, if 6* be not greater than a', cos S^ cannot become 

equal to t while S^ increases from to tt, and therefore the 

expression under the integral sign cannot become infinite. 



Supposing then that we write z for a, and V— 1 p for 6, 
we get 

1 fir. d^ _ 1 

ttJo « — V^pcosS- («' + p')*' 
We may remark, in passing, that 

Jo 2? — V— IpCOsSr Jo ^ + V — IpCOS^r 

zd^ 






«' + p'' cos'* Sr * 

and is therefore wholly real. 

Supposing that p*==a? + J^, and that aJ■+y" + «*s=r^ we 
thus obtain 



d^_ ^1 

irjo «-A/-.l pcosS- ^ 



1 f' rfS 
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Differentiate i times with respect to z, and there results 
Hence P«— ^""-^^— . ^ T — 

TT Jo (;5 - V^ p COS^)""^ ' 

In this, write fir for z, and (1 — /**)* r for p, and we get 
1 f » ^ 

which, writing tt — ^ for ^, gives 



P. 



cPSt 



> 1 r» a 

* " ^io {/^+(/*"-l)*cos^P ' 

26. Again, we have 

1 1 f' dyjr 

(a* — J')* TT Jo a — ftcos-^' 

In this write 1—fih for a, and ± (/x* — 1)^ A for b, which is 

admissible for all values of h from up to a^ — 0*' — 1) , and 
we obtain, since a" — 6' becomes 1 — 2/A + h\ 

1 1 r« d^ 

(l-2/iA + A')*'^^Jo l-M+OtA'-ljiAcos-i^ 

TtJo l-{/A±(/A'-l)*COS'»|r} a' 

= -[' d^ [1 + {/i± Oa'-I)* COS i|r} A + ... 

+ {a* ± (ft" - 1)* COS i|rl' A' + . . .]. 
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Hence, equating coefficients of A*, 

P, = ^/^'{/^ + (/*'-!)* cos fl'd^. 

The equality of the two expressions thus obtained for P, is 
in harmony with the fact to which attention has already 
been directed, that the value of P^ is unaltered if — (i + 1) 
be written for i. 



27. The equality of the two definite integrals which 
thus present themselves may be illustrated by the following 
geometrical considerations. 




Let be the centre of a circle, radius c^ G any point 
within the circle, PCQ sltlj chord drawn through G, and let 
0(7=6, GOP:=^%COQ = f. Then(7P"=a" + 6»-2aJcos^, 
C(^ ^a^ + V-2ab cos -i^. Hence 

(a« + 6«-2a6cos^)(a" + 6'-2aJcos^) = (a"-6y; 

. sin^^ s in'^<? > fr _ 

•'•a« + 6*-2a6cosa^'*"a'+6*-2a6cos^"" * 



42 ZONAL HARMONICS. 

Again, since the angles OPC, OQG are equal to one 
another, 

sin g^ sin OPG _ sin OQO _ sin ifr 
CP OU ~ 00 ~ CQ ' 

sin^ • sin^fr 

"(a=+6'*-2a6cosS^)4"(a" + 6'-2a6co8i/r)i' 

whence — . 4. ^ r = 0. 

(a"+6'-2a6cosS^)i^(a" + 6"-2a6cos^)4 

(a* + J"^- 2a6 cos ^)*** ^ ^^ 

., (^» - y)^i , . ,, f\ ^^= - (a« + J'- 2a6cos f)* c?^. 

' (a + 6" — 2a^ cos 9r)**^ ^ 

In this, write a' + 6'.= /^, 2a&= T (/a"— 1)*, which gives 
a' — 6* = 1, and we get 

da- , - ' 

We also see, by reference to the figure, that as S- in- 
creases from to TT, -^ diminishes from tt to 0. Hence 

28. From the last definite integral, we may obtain an ex- 
pansion of P, in terms of cos and sin 6. Putting /x = cos 0, 
we get 

Pi = 2^ r [{cos + V^ cos yfr sin 0)]* 

+ {cos — V^ cos '^ sin 0]^ d-^ 

« - r{(cosey-l^^cos't(cos5y-^(sin5)*+... 
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+(-ir '^'-ff-^-^^\ cosfr(co^0r*-(sinff) 



•NT f'/ ,\tmj, (2to-1) (2»»-3)...l 

And *'(*'- !)-(»' -2ct + 1) (2m- 1) (2m-3)...l 

1.2.. .2m 2m(2m-2)...2 

t(t-l)...(t-2m + l) 
(2. 4... 2m)' ' 

.-. P,= (cos g)'- ^^y-^^ (cos ^*^ (sin ^«+ ... 

+ (-ir ^'(^-g-^-^^^ + ^) (cosg)«-"(8iugr+... 



CHAPTER III. 

APPLICATION OP ZONAL HABMONICS TO THE THEOET OF 
ATTRACTION. REPRESENTATION OF DISCONTINUOUS 

FUNCTIONS BY SERIES OF ZONAL HARMONICS. 

1. We shall, in this chapter, give some applications of 
Zonal Harmonics to the determination of the potential of a 
solid of revolution, symmetrical about an axis. When the 
value of this potential, at every point of the axis, is known, 
we can obtain, by means of these functions, an expression 
for the potential at any point which can be reached from 
the axis without passing through the attracting mass. 

The simplest case of this kind is that in which the 
attracting mass is an uniform circular wire, of indefinitely 
small transverse section. 

Let c be the radius of such a wire, p its density, k its 
transverse section. Then its mass, M, will be equal to 27rpck, 
and if its centre be taken as the origin, its potential at any 

M 

point of its axis, distant z from its centre, will be 5-. 

{d' + z^)^ 

Now, this expression may be developed into either of the 
following series : 



M( 1^ 

c f 2c' 






...(1), 



zC 2z'^2Az' -^^ ^ 2A...2i ^^i^^-f-^^)' 

We must employ the series (1) if « be less than c, or 
if the attracted point lie within the sphere of which the ring 
is a great circle, and the series (2) if z be greater than c, 
or if the attracted point lie without this sphere. 



-— i 
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Now, take any point whose distance from the centre is r, 
and let the inclination of this distance to the axis of the 
ring be ft In accordance with the notation already em- 
ployed, let cos 0^ fj^ Then, the potential at this point will 
be given by one of the following series : 

1.8.5...(2t-l) rV ) ,.. 
■^^ ^ 2.4.()...26 ■^iei^« + ---|---tA;> 



+ 



^ ^ 2.4.6...2i ^2'r^'^--|-V^> 

For each of these expressions, when substituted for F, 
satisfies the equation V*F =0, and they become respectively 
equal to (1) and (2) when 6 is put « 0, and consequently 
r = z. The expression (2') also vanishes when r is infinitely 
great, and must therefore be employed for values of r greater 
than c, while (!') becomes equal to (2') when r = Cy and will 
therefore denote the required potential for all values of r 
less than c. 

These expressions may be reduced to other forms by 
means of the expressions investigated in Chap. 2, Art. 25, viz. 

P^rx-f (/A + ^;?"^cos^yd&, 




•ir 

or "^ 






Substitute the first of these in (!') and (observing that 
fir = z) we see that it assumes the form 

M^ /-' ( l {^+(g'-O*C08^}' 

TTcJo 1 2 c" 

l,3 {^-K^'-Oicos^r \ 
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which is equivalent to 

Mr ^ 



Mr 

ttJo 



[c» + {«+(«'*-T^)4cos^ni* 



The substitution of the last form of P, iij the series (2') 
brings it into the form 

Mr ( 1 1 c 

Trio i« + (-e"-0*cos^ 2 {;5 + (^-r^)4cos^l» 

which is equivalent to 

Mr d^ 



M r 



2. Suppose next that the attracting mass is a hollow shell 
of uniform density, whose exterior and interior bounding 
surfaces are both surfaces of revolution, their common axis 
being the axis of z. Let the origin be taken within the 
interior bounding surface ; and suppose the potential, at any 
point of the axis within this surface, to be 

Then the potential at any point lying within the inner 
bounding surface will be 

For this expression, when substituted for F, satisfies the 
equation V*F=0; it also agrees with the given value of 
the potential for every point of the axis, lying within the 
inner bounding surface, and does not become infinite at any 
point within that surface. 

Again, suppose the potential at any point of the axis 
without the outer bounding surface to be 



Z Z^ Z 
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Then the potential at any point lying without the outer 
bounding surface will be 

For this expression, when substituted for V, satisfies the 
equation V* F= ; it also agrees with the given value of the 
potential for every point of the axis, lying without the outer 
bounding surface, and it does not become infinite at any 
point within that surface. 

By the introduction of the expressions for zonal har- 
monics in the form of definite integrals, it will be found that 
if the value of either of these potentials for any point in the 
axis be denoted by <f> (si), the corresponding value for any 
other point, which can be reached without passing through 
any portion of the attracting mass, will be 



TTJo 



[2 + («*-0*cos^}d^. 



3. We may next shew how to obtain, in terms of a series of 
zonal harmonics, an expression for the solid angle subtended 
by a circle at any point. We must first prove the following 
theorem. 

The solid angle, subtended by a closed plane curve at any 
point, is proportional to the component attraction perpendicular 
to the plane of the curve, exercised upon the point by a lamina, 
of uniform density and thickness, bounded by the closed plane 
curve. 

For, if dS be any element of such a lamina, r its distance 
from the attracted point, d the inclination of r to the line 
perpendicular to the plane of the lamina, the elementary 
solid angle subtended by dS at the point will be 

dS cos 

And the component attraction of the element of the 
lamina corresponding to dS in the direction perpendicular 
to its plane will be 

pTc -j- cos 0, 
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p being the density of the lamina, k its thickness. Hence, 
for this element, the component attraction is to the solid 
angle as pk to 1, and the same relation holding for every 
element of the lamina, we see that the component attraction 
of the whole lamina is to the solid angle subtended hj the 
whole curve as pk to 1. 

Now, if the plane of xy be taken parallel to the plane 
of the lamina, and V be the potential of the lamina, its 
component attraction perpendicular to its plane will be 

— -^. Now since Fis a potential we have V*F=0, whence 

— V*F=0, or V*['-7-)=0. Hence ^-j— is itself a potential, 

and satisfies all the analytical conditions to which a potential 
is subject. It follows that, if the solid angle subtended by 
a closed plane curve at any point (a?, y, z) be denoted by 
CO, (0 will be a function of x, y, z, satisfying the equation 
V^G) = 0. Hence, if the closed plane curve be a circle it 
follows that the magnitude of the solid angle which it sub- 
tends at any point may be obtained by first determining 
the soUd angle which it subtends at any point of a line 
drawn through its centre perpendicular to its plane, and 
then deducing the general expression by the employment 
of zonal harmonics. 

Now let be the centre of the circle, Q any point on the 
line drawn through perpendicular to the plane of the 
circle, E any point in the circumference of the circle. With 
centre Q, and radius QO, describe a circle, cutting QJSi in i. 
From L draw iJV, perpendicular to QO^ 

Then^i = (c' + ^)i.^, OA'»^-r^ {(c« + ^^}i-^} 



''^ (d' + z')i' 
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And the solid angle subtended by the circle at 

ON 



= 47r 



= 27rK 



2z 
1- 



To obtain the general expression for the solid angle sub- 
tended at any point, distant r from the centre, we first 
develope this expression in a converging series, proceeding 
by powers of z. This will be 

"^^X c^2c' 2.4c' "^ ' 2.4...2i c«*'"^*"J 

if 2 be less than c, and 

Ic* 1.3 c* , f ,w 1.3.. .(21-1)0" 



„ flc' 1.3 c* , .. 

^'^ 12?" 274?+-"^"^^ 



id • 4* • tAl ZT 



^* • • • • • 



if z be greater than c. 



Hence, by similar reasoning to that already employed, 
we get, for the solid angle subtended at a point distant r 
from the centre, 



T.r IPy 1.3P/ 



n c 2 c'* 2.4 c^ 

^ ^^^ 2.4...2i c^»^^ "*"•••) 
if T be less than c, and 



27r. 



2 r* ^"2.4 r^ ■^••* ^ ^ 2.4...2i r« "*■•" 



if r be greater than c. 

4. We may deduce from this, expressions for the potential 
of a circular lamina, of uniform thickness and density, at an 
external point. For we see that, if V be the potential of 
such a lamina, h its thickness, and /> its density, we have for 
a point on the axis, 



-S=^^--2-{i-zr^i}' 



(c' + «')^ 

F. H. 



50 APPLICATION OF ZONAL HAKMONICS 

whence F= ^irpk {(<? + s?)^ - z] 

if jlf be the mass of tlie lamina. 

Expanding this in a converging series, we get 



^■^2c 2.4c»''"2.4.6c» ^' 



, 1.1.3...(2t-3) g" ) 

"^ ^ 2.4.6...2t c"^'"*""'"/ 

if be less than c, and , 

^_M(1<? 1.1c* 1.1.3 c' 

c*l2a 2.4«'"*'2.4.6a* *•• 

. ■,,, 1.1.3...(2i-3) c" , 1 
"^ ^'' 2.4. 6.. .2i ««-»+••••]■ 

if 2 be greater than c. 

Hence we obtain the following expressions for the po- 
tential of an uniform circular lamina at a point distant r 
from the centre of the lamina : 

. .,, 1.1.3...(2t- 3) P^r", \ 
^ ' 2.4..6...2i c"-* ■^•■■•J 

if r be less than e, and 



1 P,r* 1.1 P/ 

2 c 2,4. c' 



r+=i^-~H+". 



^-? 



M{\Pj? 1.1 P.cV 1.1.3 Pc 



;» 



2 r 2.4 / "^2.4.6 i^ '" 

. ,,. 1.1.3...(2t-3)P^c' '. I 
"^"•^'' 2.4.6...2t r»«-» "^•••j 

if r be greater than c. 
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It may be shewn that the solid angle may be expressed 
in the form 

J [c^+{z + (z' - r')i cos ^l*]* 
and the potential of the lamina in the form 

5. As another example, let it be required to determine 
the potential of a solid sphere, whose density varies inversely 
as the fifth power of the distance from a given external point 
O at any point of its mass. 

It is proved by the method of inversion (see Thomson 

and Tait's Natural Philosophy, Vol. 1, Art. 518) that the 

M 
potential at any external point P' will be equal to - .^^p/ , 0' 

being the image of in the surface of the sphere, and M 
the mass of the sphere. We shall avail ourselves of this 
result to determine the potential at a given internal point. 

Let G be the centre of the sphere, the given external 
point. Join CO, and let it cut the surface of the sphere in A, 
and in GA take a point 0', such that CO.Gff= GA\ Then 
O is the image of 0. 

Let P be any point in the body of the sphere, then we 
wish to find the potential of the sphere at P. 

Take as pole, and OG as prime radius, let OP^r, 
POG-^e. Alsolet a4 = a, (70 = c. 



Let the density of the sphere at its centre be p, then its 
density at P will be p -;p • Hence 



if=27r|[p^r»sinedrd^. 



4—2 
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the limits of r being the two values of r which satisfy the 
equation of the surface of the sphere, viz. 

r^ + c^ — 2cr cos 6 = o*, 

and those of 6 being and sin"* - . 

c 

Hence, if r^, r, be the two limiting values of r, we have 



Now 1 l_ 2cco8g /l 1\ 

., 11 2ccos^ 
Also - + - = -^ »- , 



r^ r^ c — a 



r^r^ & — d 



s > 



W, r,/ c' — a* 

fa»-c».sm'^)* 



= 2 



c'-a» 



tZ5 



a 

,^ 27rpc* 2c 2 fsin-'c /I . /,/ f 2 . ,/in1 
.-. il/= —9-- -^^ 2 . -J a / cos^sm^(a -c'sm'^)= 

= 7^3^.p f'"''''' COS ^ sin ^ (a* - c' sin* e)i d& 
_ 4 -Trpc* , 

Now, if r be the potential at P, we have (see Chap. i. 
Art. 1) 



^{rV)_^ 1 d ( . .dV\ 



47rpc* 



r 
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This is satisfied by F= — ^ — ^ . 

Assume then, as the complete solution of the equation, 

It remains to determine the eoeflScients A^, -4j...J.,...jB^, 

B^,..B^y so that this expression may not become infinite for 

any value of r corresponding to a point within the sphere, 

and that at any point P on the surface of the spThtere it may 

M 
be equal to yTp^ where (XP: OP :: a : c, and therefore, at 

the surface, 

«.__ Mc 1 _ 4 irp&c? 

ir~0P''3id'-a'j'r' 

And, at the surface, we have 
r' - 2cr cos ^ + c' — a' = ; 

1 1/1. 2ccos0' 



1 _ 1 /I 2ccos^ \ 



c'^a'K 



P P 

7 + 2C-); 



. 4 TTpcV _ 2 TTpc" /fi PA / PA 



+ 



[ ^jr + -jj* j P^ + . . . identically. 



and -Bj, -B3,...J5,...-4^^, ^4^...^, all = 0. 
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Hence since P, = 1, 

whence we obtain^ as the expression for the potential at any 
internal point, 

V—- ^P^' 3a'— c* 4 TTpc* cos ^_ 2 irpc^ 
3(c*-a7 i^~"^3c*^^'"^ 3 V 

6. We shall next proceed to establish the proposition that 
if the density of a spherical shell, of indefinitely small thick- 
ness, be a zonal surface harmonic, its potential at any internal 
point will be proportional to the corresponding solid har- 
monic of positive degree, and its potential at any external 
point will be proportional to the corresponding solid harmonic 
of negative degree. 

Take the centre of the sphere as origin, and the axis of 
the system of zonal harmonics as the axis of z. Let b be the 
radius of the sphere, SJ its thickness, U its volume, so that 
J7= inrb^Sb. Let OP, be the density of the sphere, P, being 
the zonal surface harmonic of the degree i, and G any con- 
stant. 

Draw two planes cutting the sphere perpendicular to the 
axis of Zf at distances from the centre equal to f, ?+ df 
respectively. The volume of the strip of the sphere inter- 

cepted between these planes will be ~ U, and its mass will be 
Now f =3 5/i, hence d^ = trf/^^and this mass becomes 
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Hence the potential of this strip at a point on the axis of z, 
distant z from the centre, will be 

CU P, , 

-which may be expanded into 

and ^5^P,+P,|+... + P,^;+....)c?/*ifa>J. 

To obtain the potential of the whole shell, we must inte- 
grate these expressions with respect to ^ between the limits 
— 1 and +1. Hence by the fundamental property of Zonal 
Harmonics, proved in Chap. ii. Art. 10, we get for the po- 
tential of the whole shell 



GU 



z 



i 



-^- — 7 TT+i at an internal point, 

From these expressions for the potential at a point on 
the axis we deduce, by the method of Art. 1 of the present 
Chapter, the following expressions for the potential at any 
point whatever : 

CU Ft* 

Fj = —. — r TjH at an internal point, 

' ^ CU P,h^ . , 1 . , 

V^ = -ET- — T -T?7 at an external pomt. 
' 2i + 1 r ^ 

From hence we deduce the following expressions for the 
normal component of the attraction on the point. 

Normal component of the attraction on an internal point, 
measured towards the centre of the sphere, 

dr li+l^^ 6'*' ' 
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Normal component of the attraction on an external point, 
measured towards the sphere, 

In the immediate neighbourhood of the sphere, where r is 
indefinitely nearly equal to h, these normal component at- 
tractions become respectively 

and their difference is therefore 

And writing for U its value, 47rJ*S5, this expression be- 
comes 

47rS6 . CP,. 

Or, the density may be obtained by dividing the alge- 
braic sum of the normal component attractions on two points, 
one external and the other internal, indefinitely near the 
sphere, and situated on the same normal, by iir x thickness 
of the shell. 

7. It follows from this that if the density of a spherical 
shell be expressed by the series 

CJP,+ G,P,+ 0^",+ ... + C,P, + ..., 

Gq, G^j G^... Gi... being any constants, its potential (FJ at 
an internal point will be' 

and its potential ( V^ at an external point will be 

jrfGA.lG^.lG^. .^_G^l. \ 
V r "^3 r'* ■*"5 r^ "^••'"^21 + 1 r*+^ "»-••••;• 

In the last two Articles, by the word ''density" is meant 
''volume density," i.e. the mass of an indefinitely small 
element of the attracting sphere, divided by the volume of 
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the sAme element. The product of the volume density of 
any element of the shell, into the thickness of the shell in 
the neighbourhood of that element, is called "surface den- 
sity.** We s^e from the above that, if the surface density 
be expressed by the series 

the potentials at an internal and an external point will seve- 
rally be 

This variation in surface density may be obtained either 
by combining a variable volume density with an uniform 
thickness, as we have supposed, or by combining a variable 
thickness with a uniform volume density, or by varying both 
thickness and density. 

8. We have seen, in Chap, ii., that any positive integral 
power of fi, and therefore of course any rational integral 
function of /^, may be expressed by a finite series of zonal 
harmonics. It follows, therefore, that we can determine the 
potential of a spherical shell, whose density is any rational 
integral function of fi. 

Suppose, for instance, we have a shell whose density 
varies as the square of the distance from a diametral plane. 
Taking this plane as that of xy^ the density may be ex- 

pressed by p/t*, or pjz. We have seen (Chap. ii. Art. 20) 

that . 

/*» = I (1 + 2P0. 

Hence, by the result of the last Article, the potential 
will be 

/} -^ [r + ^ -h-) at an internal point. 
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f> Q^ (- + K "3" ) ^^ ^^ external point ; 
or, since Fjr = -i--- — r^ = — - — , we obtain 

p-^ [ r + ^ ^-o — J for the potential at an internal point, 

p-^ \~'^'r\'~ J^"^ — rjffor that at an external point. 

9. As an example of the ease in which the density is re- 
presented by an infinite series of zonal harmoni(^, suppose we 
wish to investigate the potential of a spherical shell, whose 
density varies as the distance from a diameter. Taking this 
diameter as the axis of z, the density will be represented 

by p sin 0, or p (1 — fi^)^. We have investigated in Chap. II. 
Art. 21, the expansion of sin in an infinite series of zonal 
harmonics. Employing this expansion, we shall obtain for 
the potential 



TT 

2 b 



pU(l p_}:_p^_ 1.3.. .(/-I) 1.3...(i-3) p r*_ 1 

b\2 ' 16 H' '" 2.4...i(i+2)-2.4...(i-2)* '&* •") ' 



or 



"^ TT 



flP 



o^Jlp^'-. l«3...(t-l) 1.3...(t-3) p V \ 
2r" 16 V •" 2.4...;(i+2)*2.4...(i-2)iV'^ '"]' 

according as the attracted point is internal or external to the 
spherical shell, i being any even integer. All these expres- 
sions may be obtained in terms of surface density, by writing, 
instead of pU, iiirc^a: 

10. We may next proceed to shew how the potential of 
a spherical shell of finite thickness, whose density is any sohd 
zonal harmonic, may be determined. Suppose, for instance, 
that we have a shell of external radius a, and internal radius 
a', whose density, at the distance c from the centre, is 

p Pfi*, h being any line of constant length. 

Dividing the sphere into concentric thin spherical shells, 
of thickness c?c, the potential of any one of these shells, of 
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radius c, at an internal point distant r from the centre will 

be obtained by writing c for 6, ^ for (7, 4nr(?do for JJy in 

the first result of Art. 6. This gives 

p 4nrc^dc Px*r* ^tt P -n t ^ 

h* 2* + 1 c*^^ 2^ + 1 A* * 

To obtain the potential of the whole shell, we must inte- 
grate this expression, with respect to c, between the limits 
a and a. This gives 

Again, the potential of the shell of radius c, at an external 
point, will be 



^ P p 
i + lh* * 



h' 2» + l 1**'- 2i + lA* V 

Integrating as before, we obtain for the potential of the 
whole shell, • 

(2j+1)(2» + 3)A* * r'^' 

Suppose now that we wish to obtain the potential of the 
whole shell at a point forming a part of its mass, distant r 
from the centre. We shall obtain this by considering sepa- 
rately the two shells into which it may be divided, the 
external radius of the one, and the internal radius of the 
other, being each r. Writing r for a', in the first of the fore- 
going results, we obtain 

2i + l h' ^" ^^'^' 

And writing r for a in the other result, we obtain 

47r pP, 7*^-a'^' 

(2i + 1) (2t + 3) h* t**" ' 

Adding these, we get for the potential of the whole 
sphere 

4Tr pP,( a*-r' r'"' - g"^ | 

2i+l h* I 2 ■'■(2i + 3}0" 
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It IS hardly necessary to observe that the corresponding 
results for a solid sphere may be obtained from the foregoing, 
by putting a' = 0. 

If the density, instead of being —P^cVbe ^PtcTj similar 

reasoning will give us, for the potential of the thin shell of 
radius c and thickness dc at an internal and external point 
respectively, 

*^ A P r'c^'dc and ^^ f- P ^^ dc 

And, integrating as before, we obtain for the potential of 
the whole shell, 

^'^ ^ P,{ar'^ - a"^'^) / at an internal point. 



(2;+l)(m-i + 2)A''* 



T^P^ -T+i at an external point. 



(2i + l)(m + i + 3)A"* * r* 

And, at a point forming a part of the mass, 



i + 3 r'^'J' 



r* + 



2i + l A"* V m-i + t m + i + 3 

11. Suppose, for example, that we wish to determine, in 
each of the three cases, the potential of a spherical shell 
whose external and internal radii are a, a, respectively, and 
whose density varies as the square of the distance from a 
diametral plane. 

Taking this plane as that of xy, the density may be ex- 
pressed by p2^ or ■riC^fjL\ Now /*' = — ^ — . Hence the 
density of this sphere may be expressed as 

?-2Pc'4--^Pc« 
3A» « ^3A" ^ 

The several potentials due to the former term will be, 

2 

writing 2 for i and multiplying by ^ , 
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And for the latter term, writing for % and 2 for m, and 
1 
multiplying by g, 

And, since P,/^ = -^ — , we get for the potential at an 
internal point 

at an external point 

at a point forming a part of the mass 

12. We may now prove that by means of an infinite series 
of zonal harmonics we may express any function of /a what- 
ever, even a discontinuous function. Suppose, for instance, 
that we wish to express a function which shall be equal to 
A from /* = ! to /a = \, and to B from /a=X to /l6= — 1. 
Consider what will be the potential of a spherical shell, 
radius c, of uniform thickness, whose density is equal to A 
for the part corresponding to values of ii between 1 and \, 
and to B for the part corresponding to values of /a between \ 
and — 1. 

Divide the shell, as before, into indefinitely narrow strips 
by parallel planes, the distance between any two successive 
planes being cd^i*. 



i{s^'(^-'^+s 
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We have then, for the potential of such a sphere at any 
point of the axis, distant ss from the centre, 

for the first part of the sphere 
and for the latter part 



2irB(^^- ' ^^ 



These are respectively equal to 
27rA(^Sc 






2irB(^Be f* 



£ (p. + P, ? + P, J + ...+p, JV ....) dfi, 



at an internal point ; and to 
27rAc^Sc 



z 



/\i'o + i'x^+...+i'*Ji+..-)d/^, 



at an external point. 

Now it follows from Chap. n. (Art. 23) that if i be any 
positive integer, 

whence, since I P^dfi* = 0, it follows that 



TO THE THEORY OF ATTRACTION. 63 

Also \ P^dfj^^l-X, j P,dfi^l+\. 

Hence the above expressions severally become : 



For the potential at an internal point on the axis 

c 
--g-{P,(X)-P,(X)}^- 



[^ (1-X) + 5(1 +X) -A^{P,(X) -P,(X)} 



A-B,^^. ^,...z- 



and for the potential at an external point on the axis 

w& r^fc^^)±sa±« _ ^ (p.(,) _ P.P,), £ 



A-B.^,.. ^,,..c 



9 



Hence the potentials at a point situated anywhere are 
respectively 



• 27rd 



'Sr r 

;^[{^(i-x)+5(i+\)}p» 



^-p 



j-p 



{P,(\)-P,(X)}5^ 

{P3(\)-P,(X)}S(§ii^_.... 



at an internal point; 



and 
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Sttc'Sc [{A (1 - X) + 5(1 + X)} ^y^ 



^{P.(X)-P.(X)1^ 



A-B 



{P.(X)-P.(X)1%^- 






at an external point. 

Now, if we inquire what will be the potential for the 
following distribution of density, 

M^(i - X) + 5(1 + X) - (4-5){P,(x) - P,{x)}P,W 

-XA-B][P,(^)-P,{X)]PM- - 
- iA-B){P^,i\) -P^MPM - -I 

we see by Art. 6 that it will be exactly the same, both at 
an internal and for an external point, as that above in- 
vestigated for the shell made up of two parts, whose densities 
are A and B respectively. 

But it is known that there is one, and only one, dis- 
tribution of attracting matter over a given surface, which 
will produce a specified potential at every point, both ex- 
ternal and internal. Hence the above expression must 
represent exactly the same distribution of density. That is, 
writing the above series in a slightly different form, the 
expression 

^E-^]x+ (P,(x) - -PoWlP.W 

+ {P.(x)-p,(X)}P.o*) + ... 

.•• + {P.«W-p,-xW1P(a') + ...] 
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is equal to A^ for all values of fu from .1 to \ and to B for all 
values of fi from \ to — 1. 

13. By a similar process, any other discontinuous function, 
whose values $^e, given for all values of/* from 1 to — 1, may 
be expressed. Suppose, for instance, we wish to express a 
function which is equal to A from /a = l4o /a = X^, to !S from 
/A = \j to /* = \f and to G fyovfi /x = \^ to /4 = — X. This will 
be obtained by adding the two series 

For the former is equal to -4 — jB from /a = 1 to fi^\, 
and to from /a = Xj to /a = — 1 ; and the latter is equal to 
jB from ft = 1 1© /* = Xj, and to G from /* r= X, iio /* =— 1. 

By supposing A and G each = 0, and 5 « 1, we deduce a 
series which is equal to 1 for all values of jjl from /a = X^ to 
/A = Xj, and zero for fJl other values. This will be 



This may be verified by direct investigation of the 
potential of the portion of a homogeneous spherical shell, 
of density unity, comprised between two parallel planes, 
distant respectively c\ and cX, from the centre of the 
spherical shell. 

14. In the case in which X^ and X, are indefinitely neadiy 
equal to each other, letXj==X, and X^ w? X + dX. We t^en 
have, ultimately, 

F. H. 5 
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Hence P^,(XJ-.P^,(XJ-P^^(XJ-P^.(XJ 

= (2i+l)P,(X)<BL 
Hence the series 

^ {1 + 3P;(X)P» + 5P,(X)P,W + ... 

+ (2t + l)P,(\)P,(^) + ...} 

is equal to 1 when fi^X (or, more strictly, when fi has any 
value from X to X + dK) and is equal to for all other values 

of fl. 

We hence infer that 

1 + 3P,(X)P» + ... + (2i + 1)P,(X)P,0) + ... 
is infinite when /ct = X, and zero for all other values of fi. 

15. Bepresenting the series 

. i{l + 3P,(X)P,0t) + ... + (2i+ 1)PJ[\)PM + ...] 

by ^(X) for the moment, we see that p^(\)dX is equal to p 
when fi^\ and to zero for all other values. Hence the 
expression 

{Pi*(\)+f>.<^(\) + .-}^ 

is equal to pj when /a = Xj, to p, when ft s=X,... Supposing 
now that X^, X,... are a series of values varying continuously 
from 1 to — 1, we see that this expression becomes 

j p^{X)dK, 

p being any function of X, continuous or discontinuous. 
Hence, writing ^(X) at length, we see that 

Uf^pdk + SPMJ pP,(X)cZX+... 

+ (2i + 1)PM j" pP,(\)d\ + ..X 

is equal, for all values of p, from r- 1 to + 1^ to the same 
function of p, that p is of X. 
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16. The same conclusion may be arrived at as follows : 

The potential of a spherical shell, whose density is p, 
and volume U, at any point on the axis of z, is 

pd\ 






which is equal t0g-j| pd\-\--l pPi(X)d\+ ... 

for an internal pointy 

and to oj""/ pdX + -2/ pP^{\)d\+ ... 

for an external point. 

It hence follows, that the potential^ at a point situated 
anywhere, is 

for aa internal point, 

and to J |J r pdk + ^^f pP»(X)d\ + . . . 

for an external point. 

And these expressions are respectively equal to those 
for the potentials, at an internal and external point re« 
spectively, for matter distributed according to the following 
law of density : 

6—2 
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It will be observed, in applying this formula, that if p be 
a discontinuous function of \y each of the expressions of the 

form I pP/X)dX will be the sum of the results of a series of 

integrations, each integration being taken tlirough a series of 
values of \ for which p varies continuously. 



CHAPTER IV. 

SPHERICAL HARMONICS IN GENERAL, TESSERAL AND SEC- 
TORIAL HARMONICS. ZONAL HARMONICS WITH THEIR 
AXIS IN ANY POSITION. POTENTIAL OF A SOLID NEARLY 
SPHERICAL IN FORM. 

1. We have hitherto discussed those solutions of the 
equation V*Fi= which are symmetrical about the axis of Zy 
or in other words, those solutions of the equivalent equation in 
polar co-ordinates which are independent of ^. We propose, 
in the present Chapter, to consider the forms of spherical 
harmonics in general, understanding by a Solid Spherical 
Harmonic of the i*^ degree a rational integral homogeneous 
function of a?, y, Zy of the i^ degree which satisfies the equar 
tion V*F=0, and by a Surface Spherical Harmonic of the 
1*^ degree the quotient obtained by dividing a Solid Sphe- 
rical Harmonic by {af +y*+ i^*)*. Such an expression, as we 
see by writing as=rsind cos^, y = rsin^sin^, « = rcoe^, 
will be of the i^ degree in sin 6 cos ^, sin 6 sin <^, cos d\ and 
will satisfy the differential equation in 1^ 

1 d f . ixdY\ 1 d^Y^ , ./. , IN 17- rt 
or, writing [i for cos 0, 



lie-"-) 



dY^ 



dfi) 



^^' + i(i+l)Y,^0. 



It will be convenient, before proceeding to investigate the 
algebraical forms of these expressions, to discuss some of 
their simpler physical properties. 

2. We will then proceed to shew how spherical har- 
monics may be employed to determine the potential, and 
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consequently.tlie attraction, of a Bpherical shell of indefinitely 
small thickness. 

We will first establish an important theorem, connecting 
the potential of such a shell on an external point with that 
on a corresponding internal point. The theorem is as follows ; 

If he the centre of such a shell, c its radivs,'P any in- 
ternal point, F an external point, so situated iha;t F lies on 
OP produced, and that 01?.0F = c^and if OP==r, OF = r', 
then the potential of the shell at Y is to its potential at F 
as c to T, or {which is the same thing) as r' to c. 

For, let A be the point where OP* meets the surface of 
the sphere, Q any other point of its surface. Then^ by a 
known geometrical theorem, 

QP: QP ::AP:AF::c-r: r^-c. 
And 
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Again, considering the element of the shell in the im* 
mediate neighbourhood of Q, its potential at P is to its 
potential at P as QP is to QP, tnat is, as c to r, or (which 
w the same thing) as r' to c, which ratio, being independent 
of the position of Q, must be true for every element of the 
^herical shell, and therefore for the whole shelL Hence 
the proposition is proved. 

3. Now, suppose the law of density of the shell to be 

such that its potential at any internal point iB F(ji,if>) i. 

c 

r* 

Then F(jjb;^)^ must be a solid harmonic oi the degree i. 

Hence F(ji, <f>) must be a surface harmonic of the degree i. 
Let us represent it by Y^. 

By the proposition just proved, the potential at any 
external point, distant r from the centre, must be 
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Hence, the component of tlie attraction of the sphere on 
the internal point measured in the direction from the point 
inwards, ie* towards the centre of the sphere, is 

And the component in the same direction of the attraction 
on the external point, measured inwards, is 



/<+i 



Now suppose the two points to lie on the same line 
passing through the centre of the sphere, and to be both 
indefinitely close to the surface of the sphere, so that r and r 
are each indefinitely nearly equal to c. 

And the attraction on the external point exceeds the 
attraction oa the intemal point by 

Now, supposing the shell to be divided into two parts, 
by a plane passing through the intemal point perpendicular 
to the line joining it with the centre, we see that the at- 
traction of the larger part of the shell on the two points will 
be ultimately the same, while the component attractions of 
the smaller portions, in the direction above considered, will 
be equal in magnitude and opposite in direction. Hence the 

Y , 

difference between these components, viz. (2i + 1) — , will be 

equal to twice' the component attraction of the smaller 
portion in the direction of the line joining the two points. 
But if pt be the density of the shell, Be its thickness, this 
component attraction is 27rp^8c. 

Y 

Hence (2* + 1) — ' = 47r/j^Sc, 
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And, if (Ti be the correspondiiig surface density, 

2t + l ^ 

It hence follows that if the potential of a spherical shell, 
of indefinitely small thiclcness, be a surface harmonic, its 
potential at any internal point will he proportional to the 
corresponding solid harmonic of positive degree, and its po- 
tential at any external point will be proportional to the 
corresponding solid harmonic of negative degree. 

That is, the proposition proved for zonal harmonics in 
Chap. III. Art. 6, is now extended to spherical harmonics in 
general. 

4. The spherical harmonic' of the degree' i will involve 
2i + 1 arbitrary constants. 

For the solid spherical harmonic, r*Y^, being a rational 

integral function of x, y, z of the i**' degree, will consist of 

(t + l)(i + 2) . .^ . . __,^- , . 
^ terms. Now the expression V F, being a 

rational integral function of x, y, z of the degree % — 2, will 

(i _ 1) i 
consist of -^^ — ^-^ terms ; and the condition that it must be 

values of a?, y, jg-,* will give rise to -^^ — ^ — relations 

among the ^ ^-^ ^ coeflScient* of these terms, leaving 

^^ Y ^ — 9"^^' ^^ ^* "*" ^' uidependent coeflScients. 

5i We proceed to shew how the spherical harmonic of the 

degree i may be arranged in a series of terms, each of which 

may be' deduced by dSerentiation from the Zonal Harmonic 

symmetrical about the axis of z. The solid zonal harmonic, 

which, in accordance with the notation already employed, is 

represented by r*P, (/i), is a»fiinctionof arand r of the degree i, 

d!^V d^V cTF 
satisfying the equation V^F= 0, or --r-^ + -^-y + j"? = 0. 

Now, if we denote this Expression by JFJ («), we see that 
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since it is a function of z and r, it is a function of the dis- 
tance (2;) from a certain plane passing through the origin^ and 
of the distance (r) from the origin. Further, if we write for z 
the distance from any other plane passing through the origin, 

d^V ^V d^V 
leaving r unaltered, the equation -r-^ +;r?' + '^ ~® ^"^ 

Continue to be satisfied. 

Now 2?4;a(aj + V-"ly)> « being any quantity whatever, 
represents the distance from a certain plaue passing through 
the origin^ since in this 6xpre^sioil, f ne sum of the squares 
of the coefficients of Zf x, y is ec^ual to unity. Hence 

jPi {« + a (« + %/— ly)} is a solid zonal harmonic of the 
degree i, its axis being the imaginary line - = -7= = ^• 
Therefore the equation 



is satisfied by F= P, {« + a (a? + V— ly)},/ that is, expanding 
by Taylor's Theorem, it is satisfied by 

a^(a, + V:riy)*dT,Cir) 

"*■ 1.2... i dz' ' 

for all values of a.' 

Hence, since the equation in V is linear, it follows that 
it is satisfied by each term separatefj^, 6r that, besides P^ {z) 
itself, each of the i expressions, 

(.H.,^n,)4w, (,+v=r,)-^, ...(.+v=rs,)'*^), 

satisfies the equation F=aO. 

By similar reasoning we may shew that each of the i ex- 
pressions, 

(wn,)*^>. (^n,).^i....(,.vrT,,^. 

satisfies the same et|uation. 
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Now eacli of the 2i solutions, thus obtained, is imaginary. 
But the sum of any two or more of them, or the result 
obtained by multiplying any two or more by any arbitrary- 
quantities, and adding the results together, will also be a 
solution of the equation. Hence, adding each term of the 
firet series to the corresponding term of the second, we ob- 
tain a series of i real solutions of the equation. Another 
such series may be obtained by subtracting each term of the 
second series from the corresponding term of the first, and 

dividing by V— 1. We have thus obtained (including the 
original term Pi{z)) a series of 2*4-1 independent solutions 
of the given equation, which will be the 2i + 1 independent 
solid harmonics of the degree i. 

6. "We may deduce the surface harmonics from these by 
writing r sin 6 cos if> for a?, r sin sin ^ for y, r cos 5 for z, 
and dividing by r*. Then, putting cos 5 = /a, and observing 

that P,{z)^r*P,(jM\ ^^ = r*^:^^... we obtain the fol- 

lowing series of 2/+ 1 solutions : 

cos^sin^^^, cos2^8m'^'?^'§^, ...<mi4>8m'd^^, 

8in^sin^^|M,8in2^8in*^^4^, ... m i<l> sin' d ^^ . 

Expressions of the form 

Cfcosff^sin'^^^J^, 

or SBmaipan'd^^^ , 

or their equivalents, 

ail!' 
^8in«r^(l-MT"^^\ 
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((7 .and S denoting any quantities independent of and <f}) 
are called Tesseral Sunace Harmonics of the degree i and 
order c. The particular forms assumed by them when 
€T=ii are called Sectorial Surface Harmonics of the degree i. 

It will be observed that, since J [* is a numerical constant, 

Sectorial Harmonics only involve 6 in the form 

sin*5, or (!-/*■)■. 

The product obtained by multiplying a Tesseral or 
Sectorial Surface Harmonic of the degree i by r* (that is, 
the expression directly obtained in Art. 5) is called a Tesseral 
or Sectorial Solid Harmonic of the degree u 

7. We shall denote the factor of a Tesseral or Sectorial 

d'P (u) 
Harmonic which is a function of 0. that is sin^^ ■ ,* , or 

- d^P (a) 
(1 —/A*)* —j^9 ty the symbol Ty^^ or, when it is necessary 

to particularize the qu^mtity of which it is a function, by 
T^^i/i) otT,^'') (cos 0). 

It will be o(>nvenient, for the purpose of comparison with 
the forms of Tesseral Harmonics given in the MScaniqite 
Cileste, and elsewhere, to obtain T/^> in a completely de- 
veloped form. 

Now, since P,(ji) == 2M.2.3.,.i dJ * ^® ^ *^^* 



dfi^ 2M.2.3...t rf/A<+' 



1 d^^^ f i^, i{i-l) ^^^ I 
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- J (2i - 2) (2t - 3) ...(»"- «r - 1) /**-'-« 

+ ^^^ (2t - 4) (2»-- 5)...(t - <r - S)fi*-'-* 



= 2,-(2»-l)...(t-<r + l),|,^ itl^^^^^^i-a-* 

(»-.r)(i-«r-l)(t-<r-2)(i-<r-3) ) 

■^ 2.4.(2i-l)(2t-3) '^ "•■■]• 

And therefore 
''' 2M.2.3...* ^^ '^J V* 2(2t-l) '* 



(i-q.) (t--o— i)(,--q-2)(t-<r-3) 
2.4(2i-l)(2i-3) 



The form given by Laplace for a Tesseral Surface Har- 
monic of the degree « and order <r is (see Micanique Cdleate, 
liv. 3, Chap. 2, pp. 40—47) 

A being a quantity independent of and ^ The factor of 
this, involving fi, is denoted by Thomson and Tait {N^atural 
FhUosophy, Vol. 1, p. 149) by the symbol 0,H Thomson 
and Tait also employ a symbol S-/"^, adopted by Maxwell in 
his Treatise on Electricity and Magnetism, Vol. 1, p. 164, 
which is equal to 



0«r * i • • • W mp y » 

*"■ ^ (»+(r)(i+o--l)...(i*-ff + l) * • 
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Heine represents the expression 
(/*•- !)• f *-'- 2(2»-l) ^ 

■^ 2.4.(2»-l)(2t-3) '^ ••'!» 

or (—1)' 0/'^ by the symbol PJijJi), and calls these expres- 
sions by the name Zugeordnete Functionen Erster Art {Hand- 
huch der Kugelfimctionen, pp. 117, 118) which Todhunter 
translates by the term "Associated Functions of the First 
Kind/' which we shall adopt 

Heine also represents the series 

/* 2(2t-l) '^ 

(t-a-)(t-«r-l)(t-o-2)(i-«r~3) , ,. , 
+ 2.4(2i-l)(2t-3) '^ 

by the symbol 3^„ (ji), (p. 117). 

The several exjweasions, Z^»', 6^'), ^'\ K, ^ are con- 
nected together as follows : 

2*. 1.2. 3.. .t 

2»(2i-l)...(t-ff + l) 

8. It has been already remarked that the roots of the 
equation P. = are all real. It follows also that those of the 

equations ^= 0, ^ '= 0.,. are real also. Hence we may 

arrive at the following conclusions, concerning the curves, 
traced on a sphere, which result from our putting any one 
of these series of spherical harmonics = 0. 

By putting a zonal harmonic =0, we obtain e small circles, 
whose planes are parallel tQ one another, perpendicular to 



JT(<r) — 0^(<rl 
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the axis of the zonal harmonic, and symmetrically situated 
-with respect to the diametral plane, perpendicular to this 
axis. If i be an odd number this diametral plane itself 
becomes one of the.series. 

By putting the tesseral harmonic of the order o-^O, we 
obtain t — <r small circles, situated as before, and tr great 
circles, determined by the equation coso-^ = 0, or siu <r^ = 0, 
as the case may be, their planes all intersecting in the axis 
of the system of harmonics, the angle between the planes of 

any two consecutive great circles being - • 

IT 

By putting the sectorial harmonic =aO, we obtain % 
great circles, whose planes all intersect in the axis of the 
system, the angle between any two consecutive planes being 

IT 



% 



9. The tesseral harmonic may be regarded from another 

Eoint of view. Suppose it is required to determine a solid 
armonic of the degree t, and of the form F^r*, such that Y^ 
shall be the product of a function of /Lt, and of a function of ^, 
which functions we will denote by the symbols Jlf,, *„ respec- 
tively. The differential equation, to which this will lead, is 



.•(.>i)jf.*,^|{a-M')f}*.+i^ 



#" 



Now this will be satisfied, if we make M^ and 4>| satisfy 
the following two equations : 

.•(.•+i)n+|{a-rt^}-i^.if.. 

The latter equation gives 

4>i =a (/COS <r^ + (7 sin o-^. 

And, taking 0* as an integer, positive or negative, the 
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former is satisfied by If, = T/'), i.e. (1-/A'/(^Y^'(1-At7, 
^ we proc5eed to prove. 

We know that 

Di£ferentiate <r times, and we get 
whence, by Leibnitz's Theorem, 

or 

or 

and, multiplying by (1 —/**)*, 

. +(,--a)(.-+,r+l)(l~MV^'-0...(l). 

Now, putting (IV/^'-y/"* 
we get 
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-2(<r+l)/t(l-M*)»^^-<r|(l-^*)«-«-/*«(l-M*)» \^ 
Z*m1<'-^^P f/7'+iP 



{' 



And » (i + 1) r/') = t (» + J) (1 - /O^ ^' ; 

+ (»-<r)(» + <r+l)(l-M')^p+<;'(l-;*')^-'^'- 



1-/* 

Hence the equation above given for M^ is satisfied by 
if, = r/*^>, and the equation in Y^ is satisfied by 

Y, =? Cr/-) cos (T^ + C y/') sin o-f 

10. In Chap. IL Art.lO we have established the fundamental 

property of Zonal Hannonics, that if i and m be two'unequal 

ri 
positive integers, I P^PJl/i- 0. This is a particular case 

of the general theorem that if Y^y 3^, be two surface har- 
monics of the degrees t and m respectively, 



Pjy,YJ^ = 0. 
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For, let y^ V^ he the corresponding solid harmonics> so 
that F, = r* F,, F„ = r"* Y^. Then, by the fundamental pro- 
perty of potential functions, we have at every point at which 
no attracting matter is situated, 

cPK cPK (PF ^ d'V d^r ^V 
da^ "^ rfy ■*" (^s» ""' da? ^ df ^ dz* ~^' 

and therefore 

Fr^^ + ^i^ + ^^-Ff^+^^ + ^Vo 
^*\da!' ^ dy' ^ dz^J ^"^Kd^^ df^ dz^}"^' 

or, in accordance with our notation, l^v'^m"" ^V'l^ = 0. 

Now, integrate this expression throughout the whole 
space comprised within a sphere whose centre is the origin 
and radius a, a being so chosen that this sphere contains no 
attracting matter. We then have 

jjjiV.^Vn,- V„v'V,) dxdycb = 0. 

But also, when the integration extends over all space 
comprised within any closed surface, we have 

///(^V^F.- F.v*l^ ^dydz =//(f, 5 - VJI) d8=0, 

dS denoting an element of the bounding surface, and -3- 
differentiation in the direction of the normal at any point. 

Now, in the present case, the bounding surface being a 
sphere of radius a, and T^, F^ homogeneous functions of the 
degrees t, m, respectively, 

dS^a*d,^, ^ = ia^r,. ^=ma«-'r,, 

and, the integration being extended all over the surface of 
the. sphere, the limits of fi are — 1 and 1, those of ^, and 27r* 
Hence 

F.H. 6 
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whence, if m.'-i be not = 0, 

The value of / 1 Y*diid^ will be investigated here- 
after. 

11. We may hence prove that ifafanotion of ia wnd ^ 
can he developed in a series of suijace harmonics, such de- 
velopment is possible in only' one way. 

For suppose, if possible, that there are two such develop- 
ments, so that 

and also 

Then subtracting, we have 

0= r^- f;+ r,- r/+ ... + r,- 1;' + ... identicaUj. 

Now, each of the expressions Y^ — T/, I^ — 3^'... 3^ — Tj' 
being the difference of two surface harmonics of the degree 
0, 1, «..i... is itself a surface harmonic of the degree 
0, 1, ...t.... Denote these expressions for shortness by 
^, ^...^.«, so that 

= -^ + ^j + .•. + -^ + ... identically. 

Then, multipljdng by Z^ and integrating all over the 
«urfa<5e of the sphere, we have 



0=1 I Z^dfid^. 



That is, the sum of an infinite number of essentially 
positive quantities is =0. This can only take place when 
each of the quantities is separately = 0. Hence Z^ is identi- 
cally = 0, or Yl « Fp and therefore the two developments 
are identical. 

We have not assumed here that such a development is 
always possible. That it is so, will be shewn hereafter. 
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12. By referring to the expression for a surface har- 
monic given in Art, 4, we see that each of the Tesseral and 

Sectorial E[annonics involves (1 — /a')*, or some power of 

(1 — ii!)\ as a factor, and therefore is equal to when /t* = + 1, 
From this it follows that when /* = + 1, the value of the 
Surface Harmonic is independent of ^, or that if F (/a, ^) repre- 
sent a general surface harmonic, Y {± 1, ^) is independent of 
^, and may therefore be written as F (± 1). Or F (1) is the 
value of F(/A, ^) at the pole of the zonal harmonic P^ (/a), 
F(— 1) at the other extremity of the axis of P, (ji). 

We may now prove that 

rr,#=2^r.(i)p,o*). 

For, recurring to the fundamental equation. 

Now, if we integrate this equation with respect to ^, 
between the limits and 27r, we see that, since 

and the value of Y^ only involves <t> under the form of cosines 
or sines of 6 and its multiples, and therefore the values of 

dY 

-jj^ are the same at both limits, it follows that 



/. 



W'^-''' 



Hence 



Hence I Y^d^ is a function of yk which satisfies the 

fundamental equation for a zonal harmonic, and we therefore 
have 

6—2 
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r 





C being a constant, as yet unknown. 

To determine G, put /a=1, then by the remark just made, 
T] becomes T^{l), and is independent of <[>, Hence, "when 

/t = l, pr,d^ = 27rr,(l). Also P,(/i) = 1. We have there- 
fore * 27rr,(l) = C; 



Jo 





It follows from this that 



JlJ^PXd^a.f.=^^Y,(i). 



13, We may now enquire what will be the value of 

Tt, Z^ being two general surface harmonics of the degree i. 
Suppose each to be arranged in a series consisting of the 
zonal harmonic P, whose axis is the axis of z, and the system 
of tesseral and sectorial harmonics deduced from it. Let us 
represent them as follows : 

r.= AP, 

+ C,2;w cos + C.r/* cos 2^ + ... + a,r,W cos «r^ + ... • 

+ C)i2'«cos«<^ 

+ 8JP^sai4> + 8Ji^ sLq 2^ + ... + 8,T<^>m^<T^ + ... 

+ iSir/Osin»^; 
Z^= aP, 

+ Cj^.W cos ^ + c,r,(«) cos 2^ + ... t (vTjW cos <r^ + . .. 

e,T^^ cos ij> 

+ffir,<i)sm^ + «,T,(«) sin 2^ + ... +8„T^''^ sino-^ + ... 

Hence the product Y,Zt will consist of a series of terms, 
in ■which ^ •will enter under the form cos o-^ cos c'^, or 
cos <r^ sin o-'^. This expression when integrated between 
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the limits and 27r vanishes in all cases, except when 
(r' = <r and the expression consequently becomes equal to 
cos* a<f>, or sin^o*^. In these cases we know that, a being any 
positive integer, 

/ cos' <T^ d^ s* I sin* a<}>d(l> = tt. 
J9 Jo 



Hence the question is reduced to the determination of the 
value of 

-1 



f. 



Now T.«') = (l-/**)^0 

But, by the theorem of Bodrigues, proved ia Chap, IL 
Art. 8, we know that 

Hence 7/*^ may also be expressed under the form 

whence it follows that 

KJ-i ) -K ^} \^2*a.2.3...t7 \i-<T dfif*' dfii^ * 

Now, putting {fi* — iy=M for the moment, and inte- 
grating by parts, 

f d**'Md*-'M , _ d*+'-^ M d^-' M 



-I 



d^i*'-i diif-''^^^'^ 
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The factor , . vanishes at both limits hence 
a/**""" 

~ ^ W-i d/M**'-' dn*-'+> '*' 
by a repetition of the same process. 

And by repeating this process o- times, we see that 
/■I df*'Mdi-'M, , ,,, fi (dW^ , 

= (-l)»(2M.2.3...t)»r P.V/i 
= (-l)'(2M.2.3...t)«2j|^. 

and therefore 

It will be observed that this result does not hold when 
(T = 0, in which case we have 



/X^"*"*- ^1* • 



Hence I / Y^Z^d^Af) 






* In this oase f cob' o-^ci^ = /* ain* ff4td4>=2r. 
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" 27r fh' + l ^ |* + 2 

.14 We have hitherto considered the Zonal Harmonic 
under its simplest form, that of a " Legendre's Coefficient ** in 
which the axis oiz, Le. the line from which is measured, is 
the axis of the system. We shall now proceed to consider it 
under the more general form of a "Laplace's Coefficient/' 
in which the axis of the system of zonal harmonics is in any 
position whatever, and shaQ shew how this general form may 
be expressed in terms of P,(/a) and of the system of Tesseral 
and Sectorial Harmonics deduced from it. 

Suppose that ff, <f> are the angular co-ordinates of the 
axis of the Zonal Harmonic, i.e. that the angle between this 
axis and the axis of z is ff, and that the plane containing 
these two axes is inclined to a fixed plane through the axis 
of z which we may consider as that of zx, at the angle <l>\ 
In accordance with the notation already employed, we shall 
represent cos 0^ by fi\ 

The rectangular equations of the axis of this system 
wiU be 

X _ y z 

sin ff cos ^' sin 0" sin 0' "" cos ^ * 

Hence the Solid Zonal Harmonic of which this is the axis 
is deduced from the ordinary form of the solid zonal har- 
monic expressed as a function of z and r by writing, in place 
of z, X sin ff cos ^' + y sin 0" sin ^' + z cos ff. 

To deduce the Surface Zonal Harmonic, transform the solid 
zonal harmonic to polar co-ordinates, by writing r sin 5 cos ^ 
for Xy r.sin d sin ^ for y, r cos for z, and divide by r*^ 

The transformation from the special to the general 
form of surface zonal harmonic may be at once elSected^ 
by substituting for fi, or cos 0, cos^cosa'+sin^sin^cos(^— ^'). 

Now, in order to develope 

Pi (cos ^ cos ^ + sin 5 sin ^ cos (^ — ^')} 
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in the manner already pointed out, assume 

P, {cos ^ cos ^ + sin 6 sin ff cos (<^ — <^')} 

= AP^ (jm) + ((7(1) cos <t> + ^(1) sin <^) Tp^> 

+ ((?(«) cos 2^+ 5(2) sin 2<^) Tj^) + ... 
4" ( C<') cos o-^ + iS<') sin o-^) T/') + . . . 
+ {C<^cosi(f> + S^^ sin i(f>)I}% 

the letters -4, ... 0^'>, i8<*>... denoting ftmctions of /l and 
(^', to be determined. 

To determine C^^\ multiply both sides of this equation 
by cos ff^r^^*') and integrate all over the surface of the sphere, 
i.e. between the limits — 1 and 1 of /t, and and Stt of <f). 
We then get 

j j 'P^ {cos cos 0' + sin sin ff cos (<^ - (f>)} Qoq <np ZJ^^ (W<^ 



^ ^^'!/^ /*' ^^^^ <^<^2;<'))* d'/idi^ 



, l ^ + o- 27r 



Gi^. 



•^[i-_flr2e + l 

It remains to find the value of the left-hand member of 
this equation. 

Now cos cr<^2y^> is a surface harmonic of the degree t, and 
therefore a function of the kind denoted by I^ in Art. 12. 

And we have shewn, in that Article, that 

* 

that is, that if any surface harmonic of the degree i be multi- 
plied hy the zonal harmonic of the same degree^ a7id the product 
integrated all over the surface of the sphere, the integral is 

equal to ^. — ^ into the value which the surface harmonic 

assumes at the pole of the zonal harmonic. 
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Hence 

/I fiir 
I P^ {cos ^cos ^ + sin ^ sin ^ cos (^ — ^')} Y^ (/i, ^) dfid<f> 

and therefore 

f j Pi {cos ^ cos ^ + sin sin ff cos (^ - <}>)} cos (r4>lY^dfid<f> 



= 2^cos.f21');*'. 



Hence 



S^— ♦■'^'•M-^lS-i'^"'- 



z — o- 



or CW = 2 h= cos <r6' T^'^ (ti). 



I — o- 



Similarly £fW = 2 h= sin o-A' 2;Ccr) QjJ\ 

And to determine -4, we have 

/I fair 
I PJcos^cos^ + sin ^ sin ^ cos (^ — ^')} i^« (jj)diidji 

•• 2e+l- *^^""^2i + l' 
or A = P,iji'). 

Hence, JJ{costfcos^ + smtf sin^cos(^-^')} 
= P. 0*0 p. (m) + 2 [= cos (^ - <!>') Tp {jiTi T,m W 

+ 2 



=co82(^-^')y/*0*')2;«>W + - 
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+ 2 r|j cos t (^ - <!>') Tif* (m') T,^*> (^). 

16. We have already seen (Chap. ii. Art. 20) how any 
rational integral function of fi can be expressed by a finite 
series of zonal harmonics. We shall now shew how any 
rational integral function of cos d, sin cos <f>, sin sin <f>,^ 
can be expressed by a finite series of zonal, tesseral, and 
sectorial hanponics. 

For any power of cos if> or sin if>, or any product of such 
powers, may be expressed as the sum of a series of terms of 
the form cos (T(f>, or sin a(f>, the greatest value of <t being the 
sum of the indices of cos <^ and sin ^, and the other values 
diminishing by 2 in each successive term. Hence any 
rational integral function of cos 0, sin cos 0, sin sin <^, will 
consist of a series of terms of the form 

cos** sin* cos a(f> or cos"* sin" sin <r^, 

where n is not less than a-. 

If n be greater than a-, w — o- must be an even integer. Let 
w — <r = 2^, then writing sin" ^ under the form (1 — cos"^)' sin'^, 
we reduce cos"* sin* cos a^ to the sum of a series of terms 
of the form cos* sin' cos a^, or, writing cos = fi,oi the 

form /iP (1 — /i") * cos a^. 

Similarly cos"* sin* sin <r^ is reduced to a^ series of 

terms of the form fi^ (1 - /a") * sin &if>. 

1 d' 

and /i^"*"' can be developed in a series of terms of the form 
of multiples of Pp^^f Pp+<r-2 ... . (Chap. II. Art 17.) 

Hence fiP can be expressed in a series of the form 

Xj^ (-^0 •^+<r + -4j i^+»-2 + * • .)> 
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Af^, A^ representing known ntimerical constants^ and therefore 
/A*' (1 — /i*)'* assumes the form 

{A^ 2p+<r +-4, 2^+<r-8 + •••)> 

consequently multiplying these series by cos o-^ or sin o-^, we 
obtain the developments of 

J? J? 

/aP (1 — /i*) * cos flT^ tod /*** (1 — /x")* sin o-^ 

in series of tesseral harmonics. 

16. We will give two illustrations of this transformation. 

First, suppose it is required to express cos* 6 BVD?d sin ^ cos<^ 
in a series of Spherical Harmonics. 

Here we have sin ^ cos ^ == ^ sin 2^ 

Hence cos* siii* sin ^ cos ^ = ^ cos' sin' sin 2^. 

Comparing this with cos** sin* sin o-^, we see that n is 
not greater than or. 

Hence cos' sin' sin <^ cos ^ =* ^ /le? (1 — /*') sin 2<^. 
and /t* = ^P, + |p. + |p., 



• • '^ ~ 12 V35 d/*» "^ 7 d/*V 

2 (fP, 1 (^'P, 

~ 105 d/*' "*■ 21 d/** ' 

.*. cos* 9 sin* ^ sin ^ cos ^ 
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Next, let it be required to transform eos'^ sin' 6 sin ^ cos*^ 
into a series of Spherical Harmonics. 

Here sin^cos* ^ = ^ sin 2^ cos ^ » ^ (sin 3^+ sin ^). 

Now cos'^sin»^sin3^«fA»(l-/i*)?sin3^ 

Also cos* ^ an* ^ sin ^ = /*• (1 — /**) (1 — /*')isin^ 



Also (Chap. II. Art. 17) 

^ *^ 35 * "^ 7 * "^ 6 ^' 

'^ 231 • 77 * 21 * 7 ** 
Hence cos* 6 sin' 6 sin 3^ 

-120(231^ +77^J(^-'*^'«"^ 3* 

And cos* ^ sin' ^ sm A = — ( ;;jrj; -T-* + == ^ + t^t; -r-* 

2 dP, 1 <?P,\ ,, ^i • . 
-'35^-7-^>|(l-'*^*«"^^ 

/ 8 <ZP, 2 dP. 4 dPA ,, ^1 . . 
' 385 * 63 * y^™'P» 



\693 



.-. cos*^ Bin'^ sin^ cos*^ -{g^ y.W + j^ r.ojsinS^ 

_ |_|_. y 0) _ JL r 0) _ -1 T (4 sin A. 
1693 • 770 * 63 » J ^ 
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17. The process above investigated is probably the most 
convenient one when the object is to transform any finite 
algebraical function of cos ^, sin 6^ cos 0, and sin 6 sin ^, into 
a series of spherical harmonics. For general forms of a 
function of /x and ^, however, this method is inapplicable, 
and we proceed to investigate a process which will apply 
universally, even if the function to be transformed be discon- 
tinuous. 

We must first discuss the following problem. 

To determine the potential of a spherical shell whose 
surface density is jFO*, ^), -F denoting any function whatever 
of finite magnitude, at an external or internal point 

Let c be the radius of the sphere, t' the distance of the 
point from its centre, 0^ ^ its angular co-ordinates, F the 
potential. Then /t being equal to cos Q 

y^r P' F{fl,4>)i?d,ld^ 

J _ J [/"- 2c/ (cos e COS ^' + sin ^ sin 0' cos (<^ - ^')} + c*]* ' 

The denominator, when expanded in a series of general 
Szonal harmonics, or Laplace's coefficients, becomes 

for an internal and an external point respectively, P, (/i, ^)' 
being written for 

Pi {cos ^ cos ^ + sin ^ sin ff cos (^ — ^')}. 

Hence, F^ denoting the potential at an internal, F, at an 
external, point, 

F; = c|J'J^''p(^, <^)rf/t(*^ + ^£J^'p>, j>)F(ji, ^) dtid<t> 

Ji ft r2ir ) 
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+ 



It will be observed that the expression P, (ji, ^) involves 
/i and fjf symmetrically, and also (f> and ^\ Hence it satisfies 
the equation 

And^ since fi and <k are independent of fi and ^', this 
differential equation will continue to be satisfied after F^ has 
been multiplied by any function of fi and ^, and integrated 
with respect to /a and ^» That is, every expression of the 
form 

^'p,(jM,il>)FOi,<l>)dfid<l> 



u: 

is a Spherical Surface Harmonic, or "Laplace's Function " 
with respect to /a' and ^' of the degree f. And the several 
terms of the developments of V^ are solid harmonics of the 
degree 0, 1, 2..,i... while those of F, are the corresponding 
functions of the degrees —1, —2, — 3... — (i+1), ... And 
these are the expressions for the potential at a point (r , ^a', ^') 
of the distribution of density FQi\ ^') at a point (c, ^a', ^'). 

Now, the expressions for the potentials, both external 
and internal, given in the last Article, are precisely the same 
as those for the distribution of matter whose surface density is 

+ {2i + l)fJ'^P,0i,<l>)F(ji,il>)dfid<f> + ...y 
or, as it may now be better expressed, 
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% 

+ 



And, since there is only one distribution of density which 
will produce a given potential at every point both external 
and internal, it follows that this series must be identical 
with Fiji, <l>). We have thus, therefore, investigated the 
development of F(u,', d>) in a series of spherical surface 
harmonics* 

The only limitation on the generality of the function 
F(jiy <^') is that it should not become infinite for any pair of 
values comprised between the limits —1 and 1 of /t, and 
and 27r of ^. 

18; Ex. To express cos 2<f> in a series of spherical har- 
monics. 

For this purpose, it is necessary to determine the value of 
{2i+l)j j Pi[co80 cos ff+smO Bin ff cos{(f>-(f>)] cos 2(f>d/jLd(f>. 

Now P, {cos ^ cos ^ + sin sin ff cos (<^ — ^')} 

= P,(cos^)P,(cos^') 

, 2 . ^d!P,(cos^ . ^rfP,(cos^) ,. .,, . 

"*" (i-l)»(t + l)(t + 2) ^^""'^ 

€PJP,{cos0) . a^ePPJcos^) o/. ..V , 
' X^ '"^^ d,.- ^ cos2(<f>-<t>) + ... 

tin 

Now I cos <r (^ — ^') COS 2^ d^ = 0, 

for all values of a except 2, 

* In oonnection with the Bnbject of this Article, see a paper by Mr G. H. 
Darwin in the Messenger of Mathematics for March, 1877« 
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* 

r2ir 

And I cos2(^ — ^'}cos2^t;^s7rcos2^\ 
Jo 

Also 
And 

Now wlieii fi = l, 
And when /* = — !, 

Hence 

j;^Bin»^g^^ = ^.^j3 . 2M.2.3...-(l-(--in 

= 4 or 0, as t is even or odd ; 

r f^ • «z,<?P,(cos^) ^^. .,. ^. , ,. 
.".I I sin'^ — ^"a — ^ cos 2 (^ - <f>) COB 2^ dfid<l> 

s= 47r cos 2<l> or 0, as i is even or odd ; 
.*. cos2<^' 

1 (k 2 . . , ^, (?P, (cos fl') ^^, 

J ft 2 . . 4^£?P/C0S^) -.., 
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5.6.7.8 dfi' ^ 

^ } 

^ZcosZ<f> 1^1.2.3.4 + 3.4.5.6 ^5.6.7.8 ^-7 • 

Hence the potential of a spherical shell, of radius c and 
surface density cos 2^', will be 

/ 2T(2) /2 yet) /* yw ^'e \ 

and 

" at an internal and external point respectively. 

19. We will now explain the application of Spherical 
Harmonics to the determination of the potential of a homo- 
geneous solid, nearly spherical in form. The following 
investigation is taken from the M^canique Celeste, Liv. iii. 
Chap. II. 

Let r be the radius vector of such a solid, and let 

r = a + a (ttj Fj -f a^ F, + ... + a, y] + ...), 
a being a small quantity, whose square and higher powers 
may be neglected, a^, ag,...a<... lines of arbitrary length, and 
F^, F,,... F,... surface harmonics of the order 1, 2,. •.«... re- 
spectively. 

4 
The volume of the solid will be ^ Tra'. 

For it is equal to 

[ { rr*drdfid(f> 



=s= X Tra', since I I Y^dfld6^ 0, 

O J-lJ Q 





for all values of i. 

F. H. 7 
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Again, if the centre of gravity of the solid be taken as 
origin, a^ = 0. 

For if z be the distance of the centre of gravity from the 
plane of a?y, 

4 /••' ri raw 

1 r* r^' 

= 4ja*u a^ I 1 /It Fj dfid<^. 

Similarly 

5 = 4a' a . Oj I I (1 - fj^^ cos ^ F^ c?/ie?<^, 

-7ra*y=4a*a.a| I I (1 — /tt*)i sin ^ 7"^ ^c?^. 

Now Fj is an expression of the form 

J/A + -B (1 - /x'j 4 cos ^ + a (1 - /i,«)i sin ^, 

and therefore all the expressions x, y, z caimot be equal to 0^ 
unless a^ = 0. 

We may therefore, taking the centre of gravity as origin, 
write 

r=:a + a(a,F,+ ..,4-a,F,+ .*.), 

as the equation of the bounding surface of the solid. 

Now this solid may be considered as made up of a homo- 
geneous sphere, radius a, and of a shell, whose thickness is 

The potential of this shell, at least at points whoge least 
distance from it is considerable compared with its thickness, 
will be the same as that of a shell whose thickness is aa, and 
density 



^•(l'^«+- + ?^'+--)' 
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p^ being the density of the solid. Therefore the potential, 
for any external point, distant R from the centre, will be 

The potential at any internal point, distant R from the 
centre, will be made up of the two portions 

I irp,^ + 27rp, (a» - JJ^ or S^rp U - 1*) 

for the homogeneous sphere, 

for the shell, and will therefore be equal to 

20. If the solid, instead of being homogeneous, be made 
up of strata of different densities, the strata being concentric, 
and similar to the bounding surface of the solid, we may 

deduce an expression for its potential as follows. Let - r be 

the radius vector of any stratum, p its density, r having the 
same value as in the last Article, and p being a function 
of c only. Then, ic being the mean thickness of the stratum, 
that is the difference between the values of c for its inner 
and outer surfaces, the potential of the stratum at an ex- 
ternal point will be 

To obtain the potential of the whole solid at an external 
point we must inteon"ate this expression with respect to c, 
between the limits and a, remembering that p is a func- 
tion of c. 

7-2 
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Again, the potential of the stratum, above considered, 
at an internal point wiU be 

47rpcSc + 47rpa — (^-y*-^ + "V - •? + - 

To obtain the potential of the whole solid at an internal 
point we must integrate the expression (1) with respect to c 
between the limits and B, and the expression (2) with 
respect to c between the limits R and a, remembering in 
both cases that /> is a function of c, and add the results 
together. 



CHAPTER V. 



SPHEKICAL HARMONICS OF THE SECOND EIND« 

1. We have already seen (Chap. ii. Art. 2) that the 
diflferential equation of which P, is one solution, being of 
the second order, admits of another solution, viz* 

Now if fi between the limits of integration be equal 
to + 1, or to any roots of the equation P< = (all of which 
roots lie between 1 and — 1), the expression under the 
integral sign becomes infinite between the limits of inte- 
gration. We can therefore only assign an intelligible 
meaning to this integral, by supposing fi to be always be- 
tween 1 and 00 , or between — 1 and — oo , We will adopt 
the former supposition, and if we then put C7= — 1, the 

expression p, .^ _ .. V'^' P' (u'-l)) ^^^^ ^® ^^^J^ posi- 
tive. We may therefore define the expression 



/. 



as the zonal harmonic of the second kind, which we shall 
denote by Q^^ or Q^ (fi), when it is necessary to specify the 
variables of which it is a function. 

It will be observed that, if /i be greater than 1, J} is 
always positive. Hence, on the same supposition^ Q^ is 
always positive. 

Weseethat Q.^f ;7ZT = 9 ^^8 Jzi » 
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1 , At + l , 

And, in a similar manner, the values of Q,, $,»«•• may 
be calculated. 

_ « 

2. But there is another manner of arriving at these 
functions, which will enable us to express them, when the 
variable is greater than unity, in a converging series, with* 
out the necessity of integration. 

This we shall do in the following manner. 

I^et 17xs , y being not less, and ii not greater, than 

unity. 

Then ^=.-_J_ ^=_i_, 

J^ln ^^^ ^ ^"^ ( ^^ 2 \ _ o 1 - ^y 

^ fg-it^^- ^-^' ( ?^+-l-U2^-::^^- 

Now, let be expanded in a series of zonal harmonics 

-P. W, PtM-'Pf (/*). so that 

^=7^ "'^•W ■''» + *» ^» + - + ^'W -P.W+- 
Then|^|(l-/*«)^^ = ...-t(.-+l)^,WP.(/*)+... 
by the definition of P (/a). 
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A.d.l»^{(l-^f}-...4|(l-..)^}p,W+... 

And these two expressions are equaJL Hence, equating 
the coefficients of P,{/x-), 

Hence <f>i(v) satisfies the same differential equation as P^> 
and Qt, But since Z7= when y = oo , it follows that <f>i (i/) =0 
when v = (X). Hence 4>^{v) is some multiple of Qi{v)=AQi(y) 
suppose. It remains to determine A. 

Now, ^,(i') may be developed in a series proceeding by 
ascending powers of - , as follows. 

We have = -4- ^ + .•.+-^+.•.. 
and also = ^,(i;) P» + <f>,{v) P,(/i) +... + <^,M P, W + ..- 

Now, by Chap. ii. Art. 17, we see that, if m be any 
integer greater than i, the coefficient of P, in /a"* is 

^'^'+. ^(m + i+l)(m + i-l)...(m + 4)(m + 2)'^*^^''^'^^ 

and (2i + 1) 7 — . . ., , , — . .^ ^^ — 7 — 7-^77 — -^7 if i be even, 
^ '(m+t+1) (m-|-t-l)...(w+3)(w+l) 

m — * being always even. 

Hence, writing for m successively », i + 2, t + 4, ... we get 

^' W = (2» + 1) |(2i + l)(2i-l)...(i + 2) 

4.6...(;+l) 1 



v'-i 



(2t+3j(2i + l)...(i + 4) 1/ 



*+« 



^(2 



6. 8... (14* 3) 1 , I 'jf •!. ij 

2» + 5)(2,-+3)...(t + 6) i?^» + ••••} ^ * '^^ '^^' 
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and =: (2.> 1) {^^_jy^4^^ 

4.6..:(l + 2) 1 



.*+» 



6.8...(z + 4) 1 . I T -u 

+ /q. ^s ,o» . Qx — . . . gx -,1^+ ...1 it * be even. 



Now, recurring to the equation 



we see that, if Qi(y) he developed in a series of ascending 

1 1 

powers of -, the first term will be ^ .^. — .,, ,^.. , where (? 
^ V C (2t H- 1) j/*^^ 

is the coeflBicient of /** in the development of P^ (ji) ; 

and ^(^-^^^^^W ^^^r^^^-^ if^beeven. 

Hence the first term in the development of Q^ {v) is 

2.4.6...(t-l) 



(t + 2) (i + 4)...(2i- Ij (2t + l) 



if % be odd, 



1 22. 4. O***^ *i**v 

and = .. . ..v ., — i.-v — TTTi — ^x ,cx' — TT II * be even, 
(^+l)(^ + 3)...(2^-l) (2t + 1) ' 

which is the saiiie as the first term of the development of 

P, (j/), divided by ^rq-y 

Hence -4 = 2i + 1, and we have 

-^= Qo{v) PM + 5QM -P.W + 5Q.W -P.{/*) + - 

i' """ Lb 

3. The expression for Q, may be thrown into a more 
convenient form, by introducing into the numerator and de- 
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nominator of the coefficient of each term, the factor neces- 
sary to make the numerator the product of i consecutive 
integers. We shall thus make the denominator the product 
of i consecutive odd integers, and may write 

^ , 1.2.3...t 1 3A.5...(i + 2) 1 






5.6.7...(t + 4) 1 
5.7.9...(2i+5)j/' 

(2;fc+l)(2i + 2).,.(i+2J5;) 1 



-l + •••• 



whether i be odd or even. 

4. We shall not enter into a full discussion of the pro- 
perties of Zonal Harmonics of the Second Kind. They will be 
found very completely treated by Heine, in his Handbuch der 
Kugelfunctionen, We will however, as an example, investi- 

dv 



gate the expression for -^ in terms of Q^^^, Qi+^--- 



Recurring to the equation 

^^= Qoi") PM + 3<?, W p, (/.) + ... 

we see that 

+ (2.- + 1) 6C.M^+ (2;+3) e„W^Saif) + .... 
Now we have seen (Chap. ii. Art. 22) that 
^|^ = (2,-»)P..» + (2«-5)P^0*) + ... 

Hence ^^^ = (2,'+l)P.(/i) + (2*-3)P^(/.) +... 
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^%^=(2i + 5)P^(/.)+(2i + l)P» + ..; 

^^ = (2^- + 9) P^M + (2i+ 5) P^O.) 

+ (2i+l)P,W + ... 

And therefore the coeflScieht of Pi(ji) in the expansion 
n d 1 , 

Ot J IS 

afjb v — fi 

(2t+l) {(2»+3) <2»,.W + (2t+7rO.«W+(2i+ll) ^^.W + ...}. 
Again, 



dpv — /M dp •^^^ rfj/ 



+ (2i + l)^PJ^), 



And ^j^ + -J = 0. 

UP P — /JL dfl P — fl 

Hence, comparing coefficients of P^ {/i), 

-(2» + ll)Q,»-... 
Hence it follows that 

and therefore that 

5. By similar reasoning to that by which the existence of 
Tesseral Harmonics was established, we may prove that there 
is a system of functions, which may be called Tesseral Har- 
monics of the Second Kind, derived from T/'> in the same 
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manner as Q, is derived from P^. The general type of such 
expressions will be 

and this when multiplied by cos <t^ or sin <r<^, will give an 
expression satisfying the differential equation 



{ 



(i-,**)|^y i7+K(i+i) (i-^»)-ai ir=o, 



and which may be called the Tesseral Harmonic of the 
second kind, of the degree i and order <r. 



CHAPTER VI. 



ELLIPSOIDAL AND SPHEROIDAL HARMONICS. 



1. The characteristic property of Spherical Harmonics 
is thus stated by Thomson and Tait (p. 400, Art, 537). 

"A spherical harmonic distribution of density on a spheri- 
cal surface produces a similar and similarly placed spherical 
harmonic distribution of potential over every concentric 
spherical surface through space, external and internal." 

The object of the present chapter is to establish the ex- 
istence of certain functions which possess an analogous pro- 
perty for an ellipsoid. They have been treated of by Lam^, 
in his Lefons sur les fonctions inverses des transcendantes et 
les fonctions isothermest and were virtually introduced by 
Green, in his memoir On the Determination of the Exterior 
and Interior Attractions of Ellipsoids of Variable Densities, 
(Transactions of the Cambridge Philosophical Society, 1836). 
We shall consider them both as functions of the elliptic co- 
ordinates (as Lam^ has done) and also as functions of the 
ordinary rectangular co-ordinates; and after investigating 
some of their more important general properties, shall pro- 
ceed to a more detailed discussion of the forms which they 
assume, when the ellipsoid is a surface of revolution. 

2. For this purpose, it will be necessary to transform 
the equation 

into its equivalent, when the elliptic co-ordinates c, v, v' are 
taken as independent variables. If a, b, c be the semiaxes 
of the ellipsoid, the two sets of independent variables are 
connected by the relations 
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Thus a* + 6, J' + €, c' + € are the squares on the semiaxes 
of the oonfocal ellipsoid passing through the point x, y, z, 

c? + V, 6' + V, <? + tr, the squares on the semiaxes of the 
confocal hyperboloid of one sheet. 

c? + v\ 6* + v\ c' + v\ the squares on the semiaxes of the 
confocal hyperboloid of two sheets. 

Thus, € is positive if the point a?, y, z be external to the 
given ellipsoid, negative if it be internal 

And, if a' be the greatest, <? the least, of the quantities 
€ will lie between — c" and oo , 

*^ i> 99 ^ f> ^ » 

V „ „ -a» „ -6*. 

(PV cPV (PV 
3. Now -T-^ + --j-j + -i-j = is the condition that 

taken throughout a certain region of space, should be a mini- 
mum. In the memoir by Green, above referred to, this 
expression is transformed into its equivalent in terms of a 
new system of independent variables, and the methods of the 
Calculus of Variations are then applied to make the resulting 
expression a minimum. We shall adopt a direct mode of 
transformation, as follows : 

Suppose a, P, y to be three functions of x, y, z, such that 

V*a = 0, v')8 = 0, vV = (1), 

such also that the three families of surfaces represented by 

the equations a = constant, ^ = constant, 7 = constant, inter- ^ . 

sect each other everj^where at right angles, i.e. such that 
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dxdw dy dy dzdz * dxdx rlydy dzdz" ' 

^^j^^d^^d^dp^^ 

dxdx dydy dzdz ^ '' 

Then 

dV^dYdadVdpdV&i 
dx dxdx d/3dx d>ydx* 

dix?'U\dx) ■*■ dff\dx) '^ dy" \dx) 

Q d'V d^dy ^d'Vdydi d^V dadfi 
d^dydxdx dydxdxdx dadfidxdx 

dVd^ dVd^ dV^ 
^ dadxi''^ dfide''^ dyduf* 

d^V d^V 

-j-^ and -T-a being similarly formed, we see that, when the 

three expressions are added together, the terms involving 

dV dV dV 

~T- y -j—, -J- will disappear by the conditions (1), and those 

dW d^V d^V 
^^^'^^''S im'd^^'d^^^ ^^"^ conditions (2). Hence 

4. Now, let 

^r d± 
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^ r-»* d^r 

All these expressions satisfy the conditions (1), for a is 
the potential of a homogeneous ellipsoidal shell, of proper 
density, at an external pointy and /3 and 7 possess the same 
analytical properties. 

Again, a is independent of v and v, and is therefore con- 
stant when 6 is constant. Similarly /8 is constant when v is 
constant, and 7 is constant when v is constant. Hence a, /9, 
7 satisfy the conditions (2). 

Now 

x^ v' z* 

And -T-r- + i/r- + ^-T" = 1- 

' ^' , y' , ^ \de_ 2x 

with similar expressions for -v- and -v- . Hence, squaring 
and addmg, 

But from the equations 

* j3 is a pfurely imagiuaiy quantity. We may, if we please, write sj -ip> 
for/9. 
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' "» rt . _/ "^ la , ./ — 1> 



"we deduce 

- aj* y* «* _ (ft) — €) (co — v) (o) — v') 

"a^ + o)"" 6' + o) "" c' + o) *" (o) + a')~((» + V){<a + c") ' 

o) being any quantity whatever. For this expression is of 
dimensions in w, e, v, v , it vanishes when o) = 6, v, or v', 
and for those values of w only, it becomes infinite when 
6) = — a*, — i*, or — c', and for those values of o) only, and it is 
«= 1 when 0) = 00 , * . 

From this, multiplying by a*-!-©, and then putting 
« = — a', we deduce 

a^ (6 + a*) (v + g') (t;' 4- g') 

a result which will be useful hereafter. 

Again, differentiating with respect to o), and then putting 

» = €. 



,« »^ -« 



y* . g' _ fe-v)(6-i;') 



(a' + e)« ■'' (6' + if ■*" (cHe)* (e + a'; (e + 6') (e + c") ' 
\dxl \dyl \dz J (e — v) (e — v ) 

• • W/ W/ W/ (e - y) (6 - v) ' 

The equation V* V— is thus transformed into 
<' \^^ ^< ^^^ ^f \^^ n 
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(u'-v) [{(e + o')(e + 6«) (e + Oli^Jr 
+ (e-v')[{(u + a')(v+5')(« + c»)}4|JV 

+ (v-6) ^{{v'+a')(v'+b'){v'+c')}i^?^V. 

5. .A class of integrals of this equation, presenting a close 
analogy to spherical harmonic functions, may be investigated 
in the following manner. Suppose jE to be a function of e, 
satisfying the equation 

HCe Va^) (€ + 5») (e + c^}i -^T][^= (me + r) ^, 

m and r being any constants. 

Then, if H and JS' be the forms which this function 
assumes when v and v are respectively substituted for e, 
the equation V'F= will be satisfied by V=EHH\ 

6. We will first investigate the form of the function 
denoted by E, on the supposition that -fi' is a rational integral 
function of e of the degree n, represented by 



6- + np/^ + '^-^^P.^'~' + - +Pn- 



.n-2 



We see that 



+ 



•+P« 



= n ]"(« - 1) (e + o») (e + i") (e + c') le"-* + (re - 2) ^J.e" 

(w-2)(w-3) 



I 
) 



1.2 



i'.« +---+jp,-s 



+ 



(e+ J') (€+c») + (e+c*) (t+a») + (e+a») (e+J*) 



bi 

^ 



e"-'+(re~ 1)^,6"-' 



(-')'»-«^..-+. ,.+;,„ 



1 *> 



./ _ 



F. H, 



8 



•J, 
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Hence writing 

we see that 

n [(n - 1) (e» + 3// + S/.e +/0 \^+(n- 2) p,^" 

(n-2)(n-3) 1 

1 .2 -^^ "' ^"**r 

+ 1 (e« + 2X6+/J |e«-' + (7t-l)y,6«^+ ^^-^)^^-^V .^-' 
Hence, equating coefficients of like powers of e, we get 



n n + 



n ^{n - 1) {(n - 2)p^ + S/J + 1 {(» - l)p, + 2/;}] = nm;), + r, 
n [(n - 1) ^^^^^f^p, + 3 (n - 2)/.p. + 3/.} 

n (n — 1) 



( 3 ' 

or, as they may be more simply written, 



rp. 
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n 



\{n - l)(^7i^:^p^^+3nf\==nmj>^ + r. 



»{!2^^^'(.-i)i..+3(„-i)-M+3(.-!)/.} 

71(71- 1) 

= 1.2 ^ i^a+^^^i 



It thus appears that p^ is a rational function of r of the 
first degree, p^ of the second, p^ of the n*^, and when the 
letters Pj,^j...p„ have been eliminated, the resulting equa- 
tion for the determination of r will be of the (n -I- 1)*^ degree. 
Each of the letters p^, p^'**p^ will have one determinate 
value corresponding to each of these values of r\ and we 

have seen that m = n [ w + ^ J . There will therefore be (n + 1) 

values of E, each of which is a rational integral expression 
of the tjI^ degree, n being any positive integer. 

7. But there will also be values of E, of the ri^ degree, 
of the form 

We thus obtain 

{(e + o')(e + y)(6 + 0}l^ 

= (e + a»)i (e + 6") (e + c») (n - 1) je""* + (n - 2) ?,«»-» 

, (n-2)(n-3) ,-« ^ ^ , 

8—2 



.€"^ 
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... |^{(e + a»)(6 + 6')(6 + c*)li|J^ 

= {(e + a«) (e + &«) (6 + c^}i[|| (i±^^-^ + (e + aO* (* + c*) 

+ {e + a')He + 6')} (n - 1) |«"^ + (»- 2) ?,€"- 

(n-2)(n -3) 1 

+ ^72 *» +•••"'■?•-«) 

+ (e+o')* (6+i») {e+if) (n-1) (n-2) je— +(«-3) j^ 

(w-3)(n-4) n 

+ 172 ^» +'"+?-»M- 

Hence 

11 (e + 6') (6 + c^ + (€ + a») (e + + (e + a*) (« + &•)! 

+ (6 + a") (e + 6') (e + c') (n -1) (» - 2) je^ + (n - 3) j^e 



.n-4 



= (m6 + r)|e"-' + (n-l)jie' 



1.2 

n-1 



(«-lUn-2) 



•-3 



n-lfj 



. •. (n - 1) ^2 + n -2] = m, 

(n-l){2a« + |(6' + c')+|(«-2)<7.| 

+ (n - 1 ) (ra - 2) {a" + J* + c* + (n - 3) g- J = (n - 1 ) mj, + r, 
(n-1) |(^' + oV + a'J') j.^ + (« - 2) a'iV ?^} = rj^,. 



ELLIPSOIDAL AND SPHEROIDAL HARMONICS. 117 

By a similar process to that applied above, we shall find 
that r is determined by an equation of the n^^ degree, and 

that m=(w — 1) f w— ^j, and that each of the letters q^, 

?2*-*?n-i '^^ ^ rational function of r. Thus, there will be n 
solutions of the form 

(6 + J')i (e + (0* {6-' + (n - 1) j,e- + . . . + ?«_,). 

There will also be n solutions of a similar form, in which 

the factors (e + c*)* (e + a*)*, (e + a*)^ (e + 6*)^ are respectively 
involved. Hence, the total number of solutions of the v)'^ 
degree will be 4w + 1. 

8. We may now investigate the number of solutions of 
1 
the degree n + ^ , w being any positive integer. These will 

be of the following forms : three obtained by multiplying a 
rational integral function of € of the degree n by (e + a^)^, 
(e+6')*, (e + c*)^, respectively, and one by multiplying a 
rational integral function of € of the degree w— 1 by the 
product 

An exactly similar process to that applied above will 
shew us that there will be n + 1 solutions of each of the 
first three kinds, and n of the fourth. Hence the total number 
of such solutions will be 3 {n + 1) -I- w, or 4n + 3, that is 



4 



(r. + i) + l. 



To sum up these results, we may say that the total 
number of solutions of the n^^ degree is 4n 4- 1, n denoting 
either a positive integer, or a fraction with an odd numerator, 
and denominator 2. 

Similar forms being obtained for H, E\ we may proceed 
to transform the expression ERR' into a function of a;, y, z. 

9. Consider first the case in which 
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Write this under the form 

Then H= [v — eo^ (V"^^ ••• (v— fi>«)» 

-H"' = (i;'- fl> J (u- 0),) . . . (i/' - ©J. 
Hence 
EHH'=^ (€-a)i) (u-o),) (i;'-a),)...(€-o)J (v-»i,) (v - fi>n). 

Now we have shewn (see Art. 4 of the present Chapter) 
that (e — (i>j) (u — fl>j) (u' — o) J 

= («. + ««) («, + 6')K + o')(^ + ^^ + ^^-l). 

Each of the factors of EHH' being similarly transformed, 
we see that EHH' is equal to the continued product of all 
expressions of the form 

(a> + a')(a> + 5")(co + c«)f^ + v^+^r?| iV 

the several values of o) being the roots of the equation 

fl)* + ny^ft)'^'+ ^^.[^'^ > ,ft)'^+... +p^ = 0. 

As this equation has been already shewn to have (n + 1) 
distinct forms, we obtain (n + l) distinct solutions of the 
equation V'F=0, each solution being the product of n 
expressions of the form 

a?' t/* 7? ^ 
— I ^-^-4 — 1 



a' + G) fc' + 01 c* + ft> 

That is, there will be n + 1 independent solutions of the 
degree 2n in a?, y, z^ each involving only enen powers of the 
variables. 

10. To complete the investigation of the number of solu- 
tions of the degree 2n, let us next consider the case in which E 

= (6+J')4 (6+c»)4 {6-+ (n-1) j),e-^+ ^""\^^^~\ 6'-+. . .+p^,} . 
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The object here will be to transform the product 

(6 + 6«)* (i; + Vf (y' + 5»)i (e + c')* (i; + c»)i (u' + c')*, 

since the other factors will, as already shewn, give rise to the 
product of n — 1 expressions of the form 

a* + ft) 6* + ft) c'* + ft) 

Now, by comparison of the value of a? given in Art. 4, 
we see that 

= (fc"-c") (i'-a») ip^-^a^) (c'-6«)3^V. 

Hence, we obtain a system of solutions of the form of 
the product of (n — 1) expressions of the form 

^ + 2^ + ^ 1 



a'+o) J' + o) c* + ft) 

multiplied by yz. Of these there will be n, and an equal 
number of solutions in which zxy xy^ respectively, take the 
place of yz. 

Thus, there will be 4ri + 1 solutions of the degree 2n in 
the variables of which n + 1 are each the product of n 
expressions of the form 

^ , y', ^^ 1 

a* + G) 6' + ft) c*+G) ' 
n are each the product of (n— 1) such expressions, multiplied 

** • • • • • • » *'• ZXf 

'i ••• ••• ••• *^y* 

11. We may next proceed to consider the solutions of the 
degree 2n + 1 in the variables a?, y, z. 

Consider first the case in which 
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Here the product (e + a®)* (v + dF)^ (v + a*)* will, as just 
shewD, give rise to a factor x in the product EHH\ 

Hence we obtain a system of solutions each of which is 
the product of n expressions of the form 

multiplied by x. Of these there will be w + 1, and an equal 
number of solutions in which y, z^ respectively take the 
place of the factor x. 

Lastly, in the case in which 

we see that in EHH' the product 

will give rise to a factor xyz. 

Hence we obtain a system of solutions each of which is 
the product of {n — 1) expressions of the form 



€"-" 



a + Q> h^-\-<o c" -f CO 

multiplied by xyz. Of these there will be n. 

Thus there will be 4n + 3 solutions of the degree 2n + l 
in the variables, of which 

(?i + l) are each the product of n expressions of the form 

8 8 9 

X t/ Z 

-TT— + T5n — + "2"^ 1 multiplied by x, 

(n + 1) are each the product of n such expressions, multiplied 

by y, 
(n + 1) ... ... ... ,,, g 
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n are each the product of (n — 1) such expressions, multi- 
plied by xyz, 

12. Now an expression of the form G . ERET, G being 

any arbitrary constant, is an admissible value of the potential 

a? v^ z^ 
at any point within the shell -g + *^ + "s = !• ^^^ i^ is 

not admissible for the space without the shell, since it 
becomes infinite at an infinite distance. The factor which 
becomes infinite is clearly E, and we have therefore to 
enquire whether any form, free from this objection, can be 
found for this factor. We shall find that forms exist, bearing 
the same relation to E that zonal harmonics of the second 
kind bear to those, of the first. 

Now considering the equation 

[{(6 + a») (e + V) (€ + c»)}i ^1 V= {me + r) D; 

which we suppose to be satisfied by putting ?7= -2?, we see 
that, since it is of the second order, it must admit of another 

particular integral. To find this, substitute for JT", E pde, 

we then have 

= [{(6 + a')(e + J')(e + c')}i|] E.jvde 
.-. \{{e+a*) {e + V) (e + c')}i^T U 

+ (e + a^(e + J')(e + c')^.t; 

+ 1 K« + *')(« + c') + (e + c') (6 + a') + (€+a') (e+J*)} Ev 
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Now, since bysupposition, the equation for the determi- 
nation of Z7 is satisfied by putting ?7= E, it follows that 

when Ejvde is substituted for U, the terms involving jvde 

will cancel each other, and the equation for the determina- 
tion of V will be reduced to 

Idv 2dE If 1 11 \ ^ 

^^ v(k^ Ede ■*"2V^+^ 6 + 6" ■*"€ + (?>' ""^ 

whence log v + 2 log ^ + log {(e + a") (e + V) (e + c")}* 

= log v^-¥ 2 log ^^+ log ahc, 

v^ and E^ being the values of v and E, corresponding to e = 0. 

TT E^ ahc 

Hence . = r. ^ {(,^^.) (,^,»)(,^,»)}4 > 

We may therefore take, as a value of the potential at 
any external point, 

V f* de 

For this obviously vanishes when e= oo . It remains so 
to determine v^ that this value shall, at the surface of the 
ellipsoid, be equal to the value G.EHR\ already assumed 
for an internal point. This gives 

C=v^.E^ahc r — 1. 

Hence, putting v^^ . E^ , aJ>c = V^, we see that to the value 
of the potential 

v.eehT ^ 

Jo 



V=v,E'abcEHH' , . . . 



J?»{(e + a»)(e+i«)(e + c")}i* 
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for any internal point, corresponds the value 

V.EHH' r 1 , 

for any external point, 

13. We proceed to investigate the law of distribution of 
density of attracting matter over the surface of the ellipsoid, 
corresponding to such a distribution of potential. 

Now, generally, if 8n be the thickness of a shell, p its 
volume density, the diflference between the normal compo- 
nents of the attraction of the shell on two particles, situated 
close to the shell, on the same normal, one within and the 
other without will be 4nrphn, This is the attraction of the 
shell on the outer particle, minus the attraction on the inner 
particle. 

But the normal component of the attraction on the outer 

dV 
particle estimated inwards is — -i- . 

And, if V* denote the potential of the shell on an in- 
ternal particle, the normal component of the attraction on 

dV 
it estimated inwards is — j— . 

an 

Hence 4iirpcn = —j -j— . 

'^ an dn 

dV^dVdx dVdy dVdz 
dn dx dn dy dn dz dn* 

dx 
And ^i- is the cosine of the inclination of the normal at 
dn 

the point co,y,zio the axis of x, and is therefore generally 

Of. 

equal to e-^ — , e denoting the perpendicular from the 
centre on the tangent plane to the surface 



a'+e 6'+e c* + e 
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And we have shewn that 



whence 



^dx 



X de a' + e ' 



or ^ 2^. 

a^ + € de^ 

dx ^ dx 
.-. 3- = 2e-j-. 
an de 



^ Similarly ^=2ef', ^=2«^, 

an de an de 

• ^=2e(—— — ^ iZ^\^2e — 
' ' dn \dx de dy de dz de) de 

Similarly ^' = 2e ^'^' 



dn de 



Now F = r„ . EHH 







■•/, 



de 



^»{(6 + a") (e + &')(€ +(!•)}*' 



^^'rr TrTr.dEr de 



.-.-:-= v.. HE 



f 

Jo 



And F= K . ^fi'^' r ^^ TE ; 

therefore, generally, 

— =r HE'—C ^^ 

de "' de], E' {(a* + e) {b* + e) (c' + e)}* 

- K.EEE' ^ rr. 

JE^Ka' + ejCi'+eXc' + e)}* 

But, when the attracted particle is in the immediate 
neighbourhood of the surface, 6 = 0. Hence, the fii-st line 
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of the value of — becomes identical with the value of — ,— , 

cLe de 

and we have 

dV dV^yEW 1 
de de ^ E^ abc' 

Eq denoting the value which E assumes, when € = 0. 

TTTJ' 1 
Hence, 4tTrphn = 2eV^ —^ r-- . 

But Sn, being the thickness of the shell, is proportional to 
e, and we may therefore write ^ = ^ > ^ being the thick- 
ness of the shell at the extremity of the greatest axis ; 

_V, a 1 EH' 
•'• ^ ^irhaabc E, ' 

and this is proportional to the value of F corresponding to 
any specified value of e, since EE' is the only variable 
factor in either. 

Hence functions of the kind which we are now considering 
possess a property analogous to that of Spherical Harmonics 
quoted at the beginning of this Chapter. On account of 
this property, we propose to call them Ellipsoidal Harmonics, 
and shall distinguish them, when necessary, into surface and 
solid harmonics, in the same manner as spherical harmonics 
are distinguished. They are commonly known as Lamp's 
Functions, having been fully discussed by him in his Legons. 
The equivalent expressions in terms of x, y, z have been con- 
sidered by Green in his Memoir mentioned at the beginning 
of this chapter, and for this reason Professor Cayley in his 
" Memoir on Prepotentials," read before the Royal Society 
on June 10, 1875, calls them " Greenians." 

We may observe that the factor 

47r Sa aho 

1 11 

is equal to . , ^ , aud therefore also to -. s^ or -. — tpt i 

^ 4nrbcoa 47rcao& 47ra6oc 
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Hence, it is equal to 



47r 

-^ {bcSa + caBb+ahSc) 
o 



or to 



volume of shell ' 
and the potential at any internal point 

s= i volume of shell x EE^ . p I r > 

.' ^Jo JP«{(a^+e)(6« + €)(c«+6)}i 

and the potential at any external point 

= i volume of shell x EE^ . p I ^ p ; 

where for p must be substituted its value in terms of v and v\ 

14. We will next prove that if V^, F, be two diflferent 
ellipsoidal harmonics, dS an element of the surface of the 

ellipsoid, j\eV^V^dS = 0, the integration being extended all 

over the surface. 

We have generally 

///(r.7T.-F.vr.)&<%,&.//(n5-r.^)is 

And throughout the space comprised within the limits of 
integration, V F, = 0, V F, = 0. Hence 

Now it has been shewn already that Fj, F^ are each of 
the form EHIT, where E is a function of e only, H the same 
function of v, R' of v. We may therefore write 

and similarly F, =/, (e)/, (u)/, (u). 
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Hence V,^-^ ^ Yj/j^^ . 

^ de - »-. ^ yr (^) . 

Now, all over the surface, 6 = 0. Hence 

/•' fo) /*' CO) 
Hence, unless fTrJ: — "ttaT = 0, which cannot happen 

unless the functions denoted by^ and /, are identical*, or 
only diflfer by a numerical factor, we must have 

• Now e is proportional to the thickness of the shell at 
any point. Calling this thickness &, we have therefore 



jjSeVJ^dS^O. 



Hence, adding together the results obtained by integrating 
successively over a continuous series of such surfaces, we get 



jjjV.V^dxdydz^O; 



F, , Fg now representing solid ellipsoidal harmonics, and the 
integration extending throughout the whole space comprised 
within the ellipsoid. 

* This may be shewn more rigoroasly by mtegrating throngh the 
spaoe bonnded by two confocal ellipsoids, defined by the Talaes X and /i of e. 
We then get, as in the text, 

Now the factor within { } cannot Tanish for all yalnes of X and ft, unless the 
functions devoted by /^ and /, be identical, or only differ by a nomerioal 
factor. 
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15. It will be well to transform the expression 



II' 



I ' s 



to its equivalent, in terms of u, v. 

For this purpose we observe that if ds, ds be elements of 
the two lines of curvature through any point of the ellipsoid, 
dS=^ dads'. 

Now, 
ds^ is the value of dof + dy^ + dz^ when e and v are constant, 
ds^ ... ... ... € and v 

and (e+a -)(v+a-)(vH-a-) . 

therefore if e and v do not vary, 

2dx dv 

• *. dx = T,—7. dv. 

Similarly dy=\-^Jv, dz^\^^dv', 



Again, differentiating with respect to © the expression 

3 3 3 

X ti Z 

obtained for -r. \- t^ h —^ 1, we get 

a' + o) 6*+© c' + o) ^ 



aj' ^ , ^ _ (v — fl>) (v — ©) 



(v-«)(6-tt)) (e-fl>)(v-o?)(v -o)) 
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therefore, putting m = v, 

a? if a* _ (y— v) (e — v) 

(a' + v)* ■*■ (6'"+ vy ■•■ (c* + vf ~ (a» + u)(yTi^ + v) ' 

. d^ = l (y'-v)(e-v) ^^ 

A similar expression holding for ds'* we get 

dS* = -— - (v -vY (e-v) (e-v') 

16 ia'+v) (b'+v) (<^+v) (o»+ 1;') (b*+v') (0*+ 1;') *" ^"^ ' 

Again, _ = ^-^_^+^^--^ + ^^--^ 

_ (e - «^') (c - v) 

writing e for o> in the expression above ; 

' ^dfP- 1 (a''+e)(y+6)(c'+e)(u'-»)' , . , „ 

• • ^"^ 16 {a*+v) {b'+v) (c»+v) (a"+w') (6'+v') (c'+v') "" "" * 

It has been shewn that, integrating all over the surface, 
the limits of u are — c* and —b*, those of v, — h* and — a*. 

Hence, Fj, F,, denoting two different ellipsoidal har- 
monics 

/•-'' /•-»* F,F,(i;'-v)dudv' ^Q 

J -j«; -<.» {(o»+v) (6»+v) (c»+u) (a»+i;') (fc'+vO (c»+i;')}4 " 

The value of the expression JWrd^ydz, or its equiva- 
lent 

au r r V'(v'v)dvdv^ 

J-6*J-a^{(a«+i;)(y+i;)(c»+v)(a«+i;')(6'+v)(c*+u)}4' 

in any particular case, is most conveniently obtained by 
expressing F as a function of x,y,z. 

F. H. 9 
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16. Before proceeding further with the discussion, of ellip- 
soidal harmonics in general, we will consider the special case 
in which the ellipsoid is one of revolution: We must enquire 
what modification this will introduce in the quantities which 
we have denoted by a, A 7i viz. 

^^ r djr 

fl=r ^ 

^f"^ d± 

and in the differential equation 

We will first suppose the axis of revolution to be the 
greatest axis of the ellipsoid, which is equivalent to supposing 
6* = c*. To transform a and 7, put a* + -^ = 0', o' + € = i/, 
a' + u = (»' ; we then obtain , 

J, ^-a» + 6» (o'-J')i^,;_(a«-6»)i' 

,v = 2r ^^ 1 , (a*-b')i-a 

f Jo ^-a*+6^~(^r^^''^(a«-J«)4 + «' 

To transform fi, we must proceed as follows. 

Put -^^-c'cos'tsr-ft'sin'tsr, v = - c* cos" ^ - 6' sin* <^, 
we then get generally 

6' + t = (6'-c')cosV, c' + t=(c'-6')sinV; 

rf^ = 2(c' — 6*) cos«rsin«rcJ«r; 



ELLIPSOIDAL AND SPHEROIDAL HARMONICS. 

Hence> 
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|=_i (,._„.+ J.) |., 



Also, e = rf- a\ v = «' - a*, v = - 6', and our diflferential 
equation becomes 

+ iv' -a'+V) l(6»' -a*+ 5') £r V 
_(^._,»)(a._J.)^=0, 

(a,'-a« + 5»)|(,«-a«+J')^|V 

_(a»-f)(ij'-a,»)^=0. 

This equation may be satisfied in the following ways. 

First, in a manner altogether independent of <^, by sup- 
posing V to be the product of a function of rj and the same 
function of a>, this function, which we will for the present 
denote hjf(rj) orf{a>), being determined by the equation 

d 
drf 



or 



or 






9—2 
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Secondly, by. supposing ^-^ a constant multiple of F, 
= — cr"F, suppose. 

Our equation may then be written 

"which may be satisfied by supposing the factor of V inde- 
pendent of ^ to be of the form F{j\) ^(®), where 

|(«*- «• + 6*) ^}'-P'(«) -«^ (a'-t*) i?'(«)=»n(<»»-o*+&') J'(<b). 

The factor involving ^ wiU be of the form 

A cos a<f> + B sin <r^. 

Now, returning to the equation 

we see that, supposing the index of the highest power of 17 
involved in/(97) to be i, we must have m = i(i+l). 

Now, it will be observed that 17 may have any value 
however great, but that ©*, which is equal to a* + v, must 
lie between a* — fc* and 0. Heuce, putting o)' =« (a' — b*) fjb\ 
where /Lt' must lie between and 1, we get 

^|(l -/»«) ^}/{(a'- ft*)*/*} +t (.•+l)/{(a*-6^V} =0. 
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Hence this equation is satisfied hj /{(a^—V)^ fi] = CPt, 
C being a constant; and supposing 0=^1 we obtain the 
following series of values for / (©), 

t = 0, /(«) = !, 

* — 1. /M = — :: 1 1 

t=2, /(«*) = — 3TI5 — TST-' 



1 = 3, /(«) = 



2 (a» - 6") 
2(a*-J'j» ' 



Exactly similar expressions may be obtained {orf(fi), and 
tbese, when tbe attraction of ellipsoids is considered, will 
apply to all points within the ellipsoid. But they will be 
inadmissible for external points, since 17 is susceptible of in- 
definite increase. 

The form of integral to be adopted in this case will be 
obtained by taking the other solution of the differential 
equation for the determination of /(«;), i.e. the zonal har- 
monic of the second kind, which is of the form Q, \ — j-jj- , 

where 






.1 



(e'-a'+b*) 



Or, putting r}* = (o* — J*) y*, ^ = (a* — b*) \*, we may write 



1) 



17. We may now consider what is the meaning of the 
quantities denoted by rf and (o. They are the values of ^ 
which satisfy the equation 
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and are therefore the semi-axes of revolution of the surfaces 
confocal with the given ellipsoid, which pass through the 
point X, y, z. One of these surfaces is an ellipsoid, and 
its semi-axis is 97. The other is an hyperboloid of two sheets 
whose semi-axis is o). 

Now, if be the eccentric angle of the point a, y, z, 
measured from the axis of revolution, we shall have 

a^=^rf^ cos* 0. 

But also, since if, o>*,Bxe the two values of ^ which 
satisfy the equation of the surface, 

Hence <»* = (a* — 6') cos* 0, 

and we have already put 

whence the quantity which we have already denoted by /a 
is found to be the cosine of the eccentric angle of the point 
X, y, z considered with reference to the elUpsoid confocal 
with the given one, passing through the point a?, y, z. We 
have thus a method of completely representing the potential 
of an ellipsoid of revolution for any distribution of density 
symmetrical about its axis, by means of the axis of revo- 
lution of the confocal ellipsoid passing through the point 
at which the potential is required, and the eccentric angle 
of the point with reference to the confocal ellipsoid. For 
any such distribution can be expressed, precisely as in the 
case of a sphere, by a series of zonal harmonic functions of 
the eccentric angle. 

18. When the distribution is not symmetrical, we must 
have recourse to the fonn of solution which involves the factor 
A cos (T^-k-B sin <7<^. It will be seen that, supposing F to 
represent a function of the degree i, and putting «i = i (t+1), 
the equation which determines F{tii) is of exactly the same 
form as that for a tesseral spherical harmonic. For -F(i;), if 
the point be within the ellipsoid, we adopt the same form. 
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if without, representing the tesseral spherical harmonic by 
Ty^ j — ?_^1 , or r/'^ (i/), we adopt the form 



T^^Ky)l 



WQ^\\''iy 



19. It maybe interesting to trace the connexion of sphe- 
rical harmonics with the functions just considered This may 
be effected by putting V = a*. We see then that 17 will become 
equal to the radius of the concentric sphere passing through 
the point, and 97' — a' 4- V will become equal to nf. Hence 
the equation for the determination of/ (97) will become 

d f ^ d 



^(''•|J/('')=*(»+^)-^('')' 



which is satisfied by putting /{tJ) =rf, or 97"*****. The former 
solution is adapted to the case of an intern^, the latter to 
that of an external point. 

With regard to/(ft)), it will be seen that the confocal 
hyperboloid becomes a cone, and therefore © becomes inde- 
finitely small But u, which is equal to 1, remains 

finite, being in fact equal to - or cos 0. Hence /(/a) becomes 
the zonal spherical harmonic. 

Again, the tesseral equations, for the determination of 
F{r)), -F(ft>), become 

which are satisfied by F{rji) =97* or 97"***"*^ . 

And, wilting for ©', (a*— J*) fi\ we have, putting F(a)) =x(/*)* 

{(/*•-!) ^}'xW + <^x(M)=»(i+l)(/*'-l)xW. 
which gives x (a*) = ^/''^(m)* 
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20. We will next consider the case in which the axis of 
revolution is the least axis of the ellipsoid, which is equi- 
valent to supposing a' = 6*. To transform a and fi^ put 
c" + '^ = 0*f^ + € = i;', c* + v = ©*, we thus obtain 

o_of* dff _' 2 , ^ o> 

To transform 7, we must proceed as follows : 

Put -^s! — a'sin'w — y cos'«r, v' = — a*sin*^ — J*cos'^, 
we then get, generally, 

a*^^fr=: (a* -i') cos*«r, 6* + ^= - (a* - 6") sin*«r, 
^ ' c'+'^=c*— a*sin*^— J'cos'^, rf^=— 2(a*— 6*)sinwcosw{ior. 
Hence 

^^oT— — ^ M_if„«=,j« 

^ i«(o''sinV + 6''cos'iir-c')4 (o'-c')* 
Hence, |. = _ ^ («•-<,« + ,«) ^. 

also, € = 17* — c*, 

' s 

v = — o , 
and our differential equation becomes 

-(o'-c' + i,')|(a'-c'+«*)^}V 
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We will first consider how this equation may be satisfied 
by values of F independent of (f>. 

We may then suppose Fto be the product of a function 
of 17, and the same function of ©, this function, which we will 
suppose to be of the degree i, being determined by the 
equation * 

^|(a._e.+,«)|}/(,)=i(» + i)/(,). 

^|(a»_c'+«.»)^|/(«)=.-(» + l)/(«). 

On comparing this with the ordinary differential equa- 
tion for a zonal harmonic, it will be seen that, on account 
of a' being greater than c*, the signs of the several terms in 
the series for /(17) will be all the same, instead of being 
alternately positive and negative. We shall thus have 

{or - c )i 



t = 2, fiv)^ 



3i7' + a'-c' 



2 (a* — c )' 
._ ^,_, _ S5v* + 30 (a' - c*) 17' + 3 (a* - c*)' . 



and geaerally 



We will denote the general value o{f{f)) by p^ j — ^ — —^[ , 
or, writing 17 = (a* — (f)^v, by p^ (v). 
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For external points, we must adopt for / (17) a function 
which we will represent by qA i » i r » ^^ ?< W> which will 
be equal to 



( \ 



(^ + a*-<0 



It is clear that /(w) may be expressed in exactly the 
same way. But it will be remembered that tj* and to* are 
the two values of ^* which satisfy the equation 

"^ + 3^ .«•_! 



a«-c«+y^y 



Hence % as before, is the semi-axis of revolution of the 
confocal ellipsoid passing through the point {x, y, z). But 
nf(o* = — (a* — (^ z^^ an essentially negative quantity, since 
a' is greater than c". Hence w* is essentially negative. Now, 
if 6 be the eccentric angle of the point (a?, y, z) measured 
from the axis of revolution, we have «' = 17' cos'^. Hence 

and therefore cd' = — (a* — (?) cos* 5 

=5 — (a* — c") fjfy suppose. 

Hence the equation for the determination o{ f{a>) assumes 
the form 

the ordinary equation for a zonal spherical harmonic. Hence 
we may write 

/(«,) = P,(m), 

fi being the cosine of the eccentric angle of the point x, y, z, 
considered with reference to the confocal eUipsoid passing 
through it. 
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21. We have thus discussed the form of the potential, 
corresponding to a distribution of attracting matter, sym- 
metrical about 'the axis. When the distribution is not 
symmetrical, but involves ^ in the form A cos (rif>-]rB sin o-^, 
we replace, as before, P,(/4) by T^^ {^l)^ and p^iti) by a 
function t^^^iy) determined by the equation 



and a, Iv) bv t^'^ iv) I . . 

22. As an application of these formulae, consider the fol- 
lowing question. 

Attracting matter is distributed over the shell whose 

surface is represented by the equation -7 + ^ ,, = 1, so 

that its volume density at any point is P, (/a), /k being the 
cosine of the eccentric angle, measured from the axis of 
revolution ; required to determine the potential at any 
point, external or internal. 

The potential at any internal point will be of the form 

CPMPM (1), 

and at an external point, of the form 

OPMQM (2), 

where (a* — V)^ v = the semi-axis of the figure of the con- 
focal ellipsoid of revolution passing through the point {fi, v). 

Now the expressions (1) and (2) must be equal at the 
surface of the ellipsoid, where v = — — — . . 

Hence 
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But generally 

Hence 

dX. 



^ia'-b^i\~-^\a'-b')ij 



S-F,(\)n\' - ly 

(a»-6«)* 



We may therefore, putting C7' = AP^ \—^ ^j- , write 

and we thus express the potentials as follows : 

AP^ (jj) P^ (y) Q, j— _— I at an internal point, 

-^Pi (h) Qi W Pi ] 8^ , i | at an external point 
Or, substituting for Q^ its value in terms of P,, 



K -AP. w P, w P. {^ } f _. _ 

at an internal point, 

at an external point. 

Now, to determine A, we have, Sa being the thickness 
of the shell at the extremity of the axis of revolution, 
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" 4nrSa.rj\drf drj /,=« 



_ 1 a -4_p/ > 



^'{(^f^ijl V-i*"^) 



^TrSao'-i* *^'^^ 



a'-b" 



-1 



Hence, if p = P, (ji), -we obtain 



a 



And we thus obtain 



dK 



.(X)|*(\'-l) 



F, = 47r hBb P, (u) P. (v) P. ( ?— .1 f = 

F. = 4ir686 P, 0*) P, { ° . l R (v) f ^ 

= 4.5S5P.MQ.MP.{^^}. 

If the shell be represented by the equation 

it may be shewn in a similar manner that we shall have 



Xk ^ 
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V,^4i7radaP,{fi)q,{p)p,L^ 

23. We may apply this result to the discussion of the 
following problem. 

If the potential of a shell in the form of an ellipsoid of 
revolution about the greatest .point be inversely proportional 
to the distance from one focu^, find the potential at any 
internal point, and the density. 

If the potential at P be inversely proportional to the 
distance from one focus S, and H be the other focus, we have, 

HP+8P-=2ff, HP-8P^2o>, 

Hence if M be the mass of the shell, F, the potential at 
any external pointy 

M 1 



Now, by what has just been seen, the internal potential, 
corresponding to P, (ji) Q^ (i/), is 



ZM^lk, 



Hence, if F, be the potential at any internal point. 
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And the volume density corresponding to P, (/i) Qf (v) is 

P(m) 



hrbSb P 



'I— ^-T 
' l(a' - b*)V 



Hence the density corresponding to the present distri- 
bution is 

If V, had varied inversely as HP, we should have had 

'^ 17 + ft)' 

and our results would have been obtained from the foregoing 
by changing the sign of a>, and therefore of fi. 

24. Now, by adding these results together, we obtain 
the distributions of density, g^nd internal potential, corre- 
sponding to 

* 17 — 0) ly + ft) rj —or 

or, in geometrical language, 

^^^SF^HF" 8F.HF ' 

= M multiplier! by the axis of revolution of the confocal 
ellipsoid, and divided by the square on the conjugate semi- 
diameter. We may express this by saying that the potential 
at any point on the ellipsoid is inversely proportional to the 
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square on the conjugate semi-diameter, or directly as the 
square on the perpendicular on the tangent plane. 

Corresponding to this, we shall have, writing 2k for i, 
since only even values of i will be retained, 



r. = -^2(4.+i)li£^P„MP.M. 



Q, 



jfc being 0, or any positive integer. 

Again, subtracting these results we get 

TT -Jf JIf ,, 2ft) 



a -.s » 



17 — ft) 97 + ft) 17 —ft) 

= Jlf multiplied by the distance from the equatoreal plane, 
and divided by the square on the conjugate semi- diameter. 

This gives, writing 2k + 1 for i, 

25. In attempting to discuss the problem analogous to 
this for an ellipsoid of revolution about its least axis, we see 
that since its foci are imaginary, the first problem would re- 
present no real distribution. But if we suppose the external 
potential to be the sum or difference of two expressions, each 
inversely proportional to the distance from one focus, we 
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obtain a real distribution of potential — in the first case 
inversely proportional to the square on the conjugate 
semi-diameter, in the latter varying as the quotient of the 
distance from the equatoreal plane by the square on the 
conjugate semi-diameter. 

It will be found, by a process exactly similar to that just 
adopted, that the distributions of internal potential, and 
density, respectively corresponding to these will be ; 



In the first case 



2M 



[ik 



M-M 



Jc being 0, or any positive integer. 
In the second case 



2^ 2(4i!; + 3)— ^-^^^ 



h being 0, or any positive integer. 



^4 



26. We may now resume the conside^ration of the ellip- 
soid with three unequal axes, and may shew how, when the 
potential at every point of the surface of an ellipsoidal shell 
is known, the functions which we are considering may be 
employed to determine its value at any internal or external 
point We will begin by considering some special cases, 

F. H. 10 
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by which the general principles of the method may be made 
more intelligible. 

27. First, suppose that the potential at every point of 
the surface of the ellipsoid is proportional to a? = — ^ suppose. 

In this case, since x when substituted for F, satisfies the 

equation v'F= 0, we see that F^- will also be the potential 

at any internal point. But this value will not be admissible 
at external points, since w becomes infinite at an infinite 
distance. 

Now, transforming to elliptic co-ordinates 

'"•"1 (a'-6')(a'-c') r 
And the expression 
Vq ( (e+a*) jv+a') («^'+a') ] i f" d± 



< 



satosfies, as has already been seen, the equation ^*V=^0, is 

equal to F, - at the surface of the ellipsoid, and vanishes 

at an infinite distance. This is therefore the value of the 
potential at any external point. It may of course be written 

F>r__ df 

a J, (f + a') {{f + a») (^.+ 6*) (f + c*)}* 



J 



d')^ 



28. Next, suppose that the potential at every point of 
the surface is proportional to y« = Fg|^, suppose. In this 
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case, as in the last, we see that, since yz when substituted 
for F, satisfies the equation v*^~ 0> ^^ potential at any 

internal point will be F^?-; while, substituting for y, z their 

values in terms of elliptic co-ordinates we obtain for the 
potential at any external point 

Yoy^r ^"^ 



Jo 



29. We will next consider the case in which the po- 
tential, at every point of the surface, varies as x^^V^^-^ 

suppose. This case materially differs from the two just con- 
sidered, for since a? does not, when substituted for F, satisfy 
the equation v'F= 0, the potential at internal points cannot 
in general be proportional to a*. We have therefore first to 
investigate a function of a?, y, «, or of e, v, v which shall 
satisfy the equation y^F=0, shall not become infinite within 
the surface of the ellipsoid, and shall be equal to a^ on its 
surface. 

Now we know that, generally 

- (a' + G)) (6* + ft)) (c" + 0)) = (e - ay) (v - w) {v - cd). 

And, if 0^, 0^ be the two values of ft) which satisfy the 
equation 

(6"+ft)) (c»+ft)) + (c"+ft)) (a'+ft)) + (a"+ft)) (6"+ft))=0...(l), 

we see that 

and v' (« - 0^ (w- ^,) ("'- ^>) = <>• 

And, by properly determining the coefficients A^, A^,A^, 
it is possible to make 



= ^ when 6W + eV/ + a'iV - o'6V - 0. 



10—2 
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, Hence, the expression (2) when A^, A^, A. are properly 
determined will satisfv all the necessary conditions for aa 
internal potential, and wiU therefore be the potential for 
every internal point 

Now, we have in general 

-(a' + ^J(6'+i>.)(c' + ^J = (6-^,)(v-^0(v'-^.) 
(6» + ^ J (c* + ^.) «;• + (c* + ^^ (a* + ^^ 3f» + (a' + ^,) (6» + ^^ «» 

and, over the surface 

6'c V + cV/ + a'6V - a*6V = 0. 

Hence, ^ being any quantity whatever, we have, all over 
the surface, 

and therefore, putting S- = — a*, 

+ ^^^(e-^J(''-^J («''-^J+«^(a*+^») (a'+^.). 

Hence, the right-hand member of this equation possesses 
all the necessary properties of an internal potential. It 
satisfies the general differential equation of the second order, 
does not become infinite mthin the shell, and is proportional 
to oj' all over the surface. 

We observe, by equation (1), that 
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tderUicaUy, and therefore, writing — <^ for a, 

(o"- 6*) (a» - cO = 3 (o* + $;) (a' + ^^. 

Hence, over the surface of the shell. 



o* 



and we therefore have, for the internal potential, 

•^^ 3 1 e,{0,-0;,{a*+0;) + ^. (^.-<>J (a«+^,) -^'r 

This is not admissible for external points, as it becomes 
infinite at an infinite distance. We must therefore substi- 
tute for the factor e — B^ 



dyfr 



^f d± 

with a similar substitution for e — 0^, thus giving, for the 
external potential, 

|r-nr (g-^.)('^^.)(t>-0 r d jr 

._ r djr 

■ •'• It - ^i)* {(t + a") if + 6') (f + c*)]^ 

, (e-g,) {v-0,)w-0:) r df_ 






'• (t - ^^' {(t + a") (t + i') (t + c')}* 



150 ELLIPSOIDAL AND SPHEBOIDAL HABMONICS* 

The distribution of density over the surface, correspond- 
ing to this distribution of potential, may be investigated by 
means of th6 formula 

f* 2irda\de de ),^q' 
ox its equivalent in Art. 13 of this Chapter. We thus find that 

.r d± 

1 1 ■ r ^-^ 1 

30. The investigation just given^ of the potential at an 
external point of a distribution of matter giving rise to a 
potential proportional to aj* all over the surface, has an in- 
teresting practical application. For the Earth may be re- 
garded as an ellipsoid of equilibrium (not necessarily with 
two of its axes equal) under the action of the mutual gravi- 
tation of its parts and of the centrifugal force. If, then, 
"F denote the potential of the Earth at any point on or with- 
out its surface, and ft the angular velocity of the Earth's 
rotation, we have^ as the equation of its surface, regarded as 
a surface of equal pressure, 



\dx 



+ n»ajj da? + f^ + nv) €ly + ~dz = 0. 



*'. F + ^ II" (a? + ^) = a constant, 11 suppose. 

Hence, if a, 5, c denote the semi-axes of the Earth, we 
liave, for the determination of F, the following conditions : 
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^+^+^»0 . . YD 

V*sO at an infinite distance....... (2), 

r=n-Jn*(a^+^)wlien 

^4*$'^ • (')• 

The tenn 11 will, as we know,; give rise to an external 
potential represented by 

i. {(^+a*)(^+y)(^+c')}i ^io {(yfr+a^ (^+6") (^+0-)}* ' 

1 1 

The two terms — - flV, — ^ fiy, will give rise to terms 

which may be deduced from the value of V^ just given by 

* . . i 1 

successively writing for V^ — ^flV, and — ^fl^t', and (in 

the latter case) putting 6' for a' throughout We thus get 

, r d^ Q V a' y Y 

^K Kf+a') (^+6*) (t+<01* 6 [a'+e, ^ b*+dj 
' Jo (^-^J*l(f +«')(t+i')(^+c^}* 6 W+0, "■" 6'+^J 



« !■ 



^M-^d J. (^-^J'{(^+«0 (t+**)(t+c')l* 



• '^•'•(t-^.IM(V^+«')(t+ 



6')(t+C)l 



*\\V 
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31. Any rational integral function V of x, y, z, which 
satisfies the equation v*^= 0, can be expressed in a series 
of Ellipsoidal Harmonics of the degrees 0, 1, 2...1 in x^ y, z. 
"For if F be of the degree i, the number of terms in V will 
be (* + l)(* + 2)(*>3) ^ ^^^ ^^^ condition ^'V=6 is 

equivalent to the condition that a certain function of x, y, z 
of the degree t— 2, vanished identically^ and this gives rise 

to ^^ ^-J^ conditions. Hence the number of inde- 

6 

pendent constants in F is 

(t + 1) {i+ 2) {i + 3) (t - 1) t {U 1) 
6 6 ' 

or (t + 1)*. And the number of ellipsoidal harmonics of the 

1 3 * 

degrees 0, 1, 2...i in x, y, z or of the degrees 0, 3, 1, ^--o 

in 6, v, v, is, as shewn in Arts. 6 to 10 of this Chapter, 

1 + 8 + 5+.. . + 2i+l, 

or (i + 1)*. Hence all the necessary conditions can be satis- 
fied* 

32. Again, suppose that attracting matter is distributed 
over the surface of an ellipsoidal shell according to a law of 
density expressed by any rational integral function of the 
co-ordinates. Let the dimensions of the highest term in this 
expression be i, then by multiplying every term, except those 
of the dimensions % and «'— 1 by a suitable power of 

a^.y .«' 

we shall express the density by the sum of two rational inte- 
gral functions of a?, j^, z of the degrees t, t — 1, respectively. 
The number of terms in these will be 
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And any ellipsoidal surface harmonic of the degree ifi'^Z... 
in X, y, z, may, by suitably introducing the factor 

be expressed as a homogeneous function of 06, y, » of the 
degree % ; also any such harmonics of the degree t— 1, t — 3... 
in Xy y, z may be similarly expressed as a homogeneous 
function of a?, y, z of the degree i — 1. And the total number 
of these expressions will, as just shewn, be (t + 1)*, hence by 
assigning to *them suitable coefficients, any distribution of 
density according to a rational integral function of a?, y, z 
may be expressed by a series of surface ellipsoidal harmonics, 
and the potential at any internal or external point by the 
corresponding series of solid ellipsoidal harmonics. 

33. Since any function of the co-ordinates of a point on 
the surface of a sphere may be expressed by means of a series 
of surface spherical harmonics, we may anticipate that any 
function of the elliptic co-ordinates v, i;' may be expressed by 
a series of surface ellipsoidal harmonics. No general proof, 
however, appears yet to have been given of this proposition. 
But, assuming such a development to be possible at all, it 
may be shewn, by the aid of the proposition proved in 
Art. 15 of this Chapter, that it is possible in only one way, 
in exactly the same way as the corresponding proposition 
for a spherical surface is proved in Chap. IV. Art. 11. 

The development may then be effected as follows. De- 
noting the several surfieu^e harmonics of the degree t in x, y, z, 

or I in V, v\ by the symbols F/D, F/«>,...F/2»+i>, and by 

F{v, v) the expression to be developed, assume 

Then multiplying by cF/*'^ and integrating all over the 
surface, we have 

jeF {v, v') F/-) dS = C^'^le (F/-))« dS. 
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The values otjeFiv, i/)F,<'> dS, and of Je {V^^^^ydS must 

be ascertained by introducing tbe rectangular co-ordinates 
a?, y, z, or in any other way which may be suitable for the 
particular case. The coefficients denoted by C are thus 
determined, and the development effected. 
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1. Prove that {^6y = j^P,-^P, + -^P^. ■ 

Why cannot (sin 6)* be expanded in a finite series of spherical 
harmonics i 

1 1 1 ^+^2 

2. Prove that 1 + k i'.+ 3 -P. + i P,+ ... = log ^ . 



sin 2 



3. Establish the equations 



4. If ^ = cos fl, prove that 



i>.(M) = l-i(i + l)sin'^ + ... + (-ir(l^^(8in'2J+.. 



and also that 

r,Q.) = (-!)' + (- !)'♦• i{i + 1) cos* I + 



• •* 



^ ^ ( w^r ^ - w \ 2/ 



5. Prove that, if a be greater than c, and i any odd 
integer greater than m, 

A «•+! 1 2 li + m c« 



• * • 



6. Provethat /" (^*)rf/x = i(i+l) 
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7. Prove that, when /x = «fc 1, 



d^i^ "" |t-w 2'" [m^ * 



8. Prove that 






1, Pj •.• P, 

P P P 

••• ••• ••• ••• 

P P P 



ig a numerical multiple of 



9. Prove the following equation, giving any Laplace's co- 
efficient in terms of the preceding one: 



P^ = PP,+^f/ndp+C, 



where Cp = ii[JL+Ji -fi' tjl-fi' coa(ia-'ia) and C is zero if w be 
even, and 

10. If i, J, k be three positive integers whose sum is even, 
prove that 

' 1.3... (j+ife-t-l) l.S.„(k + i-J-l) 1.3...(t+i-^-l) 
■" 2.4... + *-*) 2.4...(A + i-j) 2.4:. ..{i+j-'k) 

2A...(i^j + h) 1 



1.3 ... (i + j + A;-l) i+^'+^+l* 

Hence deduce the expansion of P.P. in a series of zonal 
harmonics. 

11, Express afy + y^ + j/z + y-\-z as a sum of spherical 
harmonics. 

12. Find all the independent symmetrical complete harmonics 
of the third degree and of the fifth negative degree. 

13.' Matter is distributed in an indefinitely thin stratum over 
the surface of a sphere whose i-adius is unity, in such a manner 
that the quantity of matter laid on an element (^) of the surface 

is 8/S'(l+aaj+5y + c«+/a;* + ^y' + fe*), 
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where a?, y, z are rectangular co-ordinates of the element hS re- 
ferred to the centre as origin, and a, b, c, /, g, h are constants. 
Find the value of the potential at any point, whether internal 
or external. 

14. If the radiils of a sphere be r, and its law of density be 

p = (XX + by + czy where the origin is at the centre, prove that its 

4wr* 
potential at an external point (f, rj, ^ tXds (®f + ^ + ^0 '''^^®'^© 

B is the distance of {$, rj, Q from the origin, 

15. Let a spherical portion of an infinite quiescent liqi:^id be 
separated from the liquid round it by an infinitely thin flexible 
membrane, and let this membrane be suddenly set in motion, 
every part of it in the direction of the radius and with velocity 
equal to JSf, & harmonic function of position on the surface. Find 
the velocity produced at any external or internal point of the 
liquid. State the corresponding proposition in the theory of 
Attraction. 

16. Two circidar rings of fine wire, whose masses are M&nd 
If, and radii a and a', are placed with their centres at distances 
b, Vj from the origin. The lines joining the origin with the 
centres are perpendicular to the planes of the rings, and are in- 
clined to one another at an angle d. Shew that the potential of 
the one ring on the other is 



'n^ V (7*<-' ■""■" "^"j ♦ 



where B -I' "(^-1) s*-.^. , n{n-\){n-2){n-2) 

wnere Ji^-t> gTI^ * ^ 2.2.4.4 ° * - 

and B' and Q, are the same functions of h' and a' and of cos 
and sm B respectively, and c is the greater of the two quantities 

Va' + 6' and s/^^TV'. 

17. A uniform circular wire, of radius a, charged with 
electricity of line-density e, surrounds an uninsulated concentric 
spherical conductor of radius c; prove that the electrical density 
at any point of the sm-face of the conductor is 

the pole of the plane of the wir^ being the pole of the harmonics. 
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18. Of two spberical conductors, one entirely snrrotuidfl tlie 
other. The inner has a given potential, the outer is at the 
potential zero« The distance between their centres being so 
small that its square may be neglected, shew how to find the 
potential at any point between the spheres, 

19. If the equation of the bounding surface of a homo- 
geneous spheroid of ellipticity c be of the form 

2 



= a(l^|cP.), 



prove that the potential at any external point will be 

where C and A are the equatoreal and polar moments of inertia 
of the body. 

Hence prove that V will have the same value if the spheroid 
be heterogeneous, the surfaces of equal density differing from 
spheres by a harmonic of the second order. 

20. The equation 7? = a (1 + ay) is that of the bounding 
surface of a homogeneous body, density unity, differing slightly 
in form and magnitude from a sphere of radius a; a is a 
small quantity the powers of which above the second may be 
neglected; and y is a function of two co-ordinate angles, such 
that 

where T^ T^,..Z^, Z^... are Laplace's 'functions. Prove that 
the potential of the body's attraction on an external particle, 
the distance of which from the origin of co-ordinates is r, is 
given by the equation 

or r (, ** 3r * (27H-l)r" " J 



iira'a' 



t 2r ^ 4/* + 2 r* " J 
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21. If M he the mass of a tmiform Hemisplierical shell of 
radius c, prove that its poteutialy at any point distant r frotn 
the centre, will be 






^2.4.6^*c* 2,4.6. 8^'c*^-7' 



2r'*"2 \2^V 2.4 V 



3 ^ c* 3.6 



2.4.6 



^•r« 2.4.6.8 ^V ^'-y' 



according as r is less or greater than c; the vertex of the hemi- 
sphere being at the point at which /a = 1« 

22. A solid is bounded by the plane of a?y, and extends to 
infinity in all directions on the positive side of that plane. 
Every point within the circle ic* + y* = a*, « = is maintained at 
the uniform temperature unity, and every point of the plane ost/ 
without this circle at the uniform temperature 0. Prove that, 
when the temperature of the solid has become permanent, its 
value at a point distant r from the origin, and the line joining 
which to the origin is inclined at an angle 6 to the axis of z will 
be 

^<>"-^^a^2^'a»"274^*a*"^"* 

"^ ^ 2.4...2i ■^-^ia^*+» "*"••• 
if r < a, and 

la- 1.3 a* ,,, 1.3...(2^^1) p a« 

2^^ r- "2~4 »7* ■*■ - ■" ^" ^> 2.4...2i ^«*+^P ^ ^ 

if r > a. 

23. Prove that the potential of a circular ring of radius c, 
whose density at any point is cos mi^, tn^ being the distance of the 
point measured along the ring from some fixed point, is 



+ .-• 



160 EXAMPLES* 

1 drp^ ^ 

''■2.4,6...(2w + 2) d^iT f^ 

where r is greater than c. If r be less than c, r and c must be 
interchanged. 

24. A solid is bounded by two confocal ellipsoidal surfaces, and 
its density at any point F varies as the square on the perpendicular 
from the centre on the tangent plane to the confocal ellipsoid 
passing through P. Prove that the resultant attraction of sucIl 
a solid on any point external to it or forming a part of its mass 
is in the direction of the normal to the confocal ellipsoid passing 
through that point, and that the solid exercises no attraction on a 
point within its inner surface. 
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HOSACB. THE FIRST BOOK OF THE ODES. Edited 
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eJBSAR. SCENES FROM THE FIFTH AND SIXTH 
BOOKS OF THE GALLIC WAR, Selected and Edited 
by C, COLBECK, M.A., Fellow of Trinity College, Cambridge, 
and Assistant-Master at Harrow. [Ready, 

TIIUCYDIDBS. Book IV. CJlv 1-41. THE CAPTURE OF 
SPHACTERIA. Edited by C, E. Graves, M.A., Classical 
Lecturer and late Fellow of St. John's College, Cambridge. 

[Ready. 

HE&ODOTUS Selections from Books VIX. and VIIX. 

THE EXPEDITION OF XERXES, Edited by A. H. 
CooKB, B.A., Fellow of King's College, Cambridge. 

[Ready, 

THB G&BIIK EliEOIAC POSTS. Selected and Edited by Rev. 
Herbert Kynaston, M.A., Principal of Cheltenham Col- 
lege, and formerly Fellow of St. John's College, Cambridge. 

[Ready^ 

HOBDESB'S ILIAD. Book XVZII. THE ARMS OF ACHIL- 
LES. Edited by S. R. James, B.A., Scholar of Trinity Col- 
lege, Cambridge, and Assistant-Master at Eton. [In preparation, 

LIVY. THE HANNIBALIAN WAR. Being part of the 2ist 
and 22nd books of Livy, adapted for the use of beginners. 
By G. C. Macaulay, M.A., Assistant - Master at Rugby, 
formerly Fellow of Trinity College, Cambridge. [Ready, 
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HORACE. SELECTIONS FROM THE EPISTLES AND 
SATIRES. Edited by Rev. W. J. F. V. Bakbe, B.A., 
Fellow of St John's College, Cambridge^ and Assistant- 
Master at Marlborough, [Ready, 

PLATO. EUTHYPHRO AND MENEXENUS. Edited by 
C. E. Graves, M.A. [Ready, 

LIVT. THE LAST TWO KINGS OP MACEDON, SCENES 
FROM THE LAST DECADE OF LIVY. Selected and 
Edited by F. H. Rawuns, M. A., Fellow of King's College, 
Cambridge, and Assistant-Master at Eton, [In freparathn. 
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HORACXS. THE THIRD AND FOURTH BOOKS OF 
THE ODES, Edited (each book separate) by T. E. Page, 
M. A. [fn preparation. 

HORACE. SELECT ERODES AND ARS FOETICA, 
Edited by Rev. H. A. Dalton, M.A., late Student of Christ 
Church, Oxford. \Jn preparation^ 
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CATULLUS—SELECT POEMS. Edited by F. P. SiMPSON, 
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revised Edition. 5J. 

CidERO— THE SECOND PHILIPPIC ORATION. From 
the German of Karl Halm. Edited, with Corrections and 
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University of Cambridge, and Fellow of St. John's College. 
New edition, revised. 5^. 

THE CATILINE ORATIONS. From the German of Karl 
Halm. Edited, with Additions, by A. S. Wilkins, M.A., 
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edition. 31. 6^. 

THE ACADEMICA. Edited by JAMXS RkID, M.A., 
Fellow of Cains. College, Cambridge. 4r. tcU 

PRO LEGE MANILIA. Edited after Halm by Prof. A. S. 
Wilkins, M.A. 3^. 6</. 

PRO ROSCIO AMERINO, Edited after Halm. By E. 
H. DoNKiN, M.A., late Scholar of Lmcohi College, Oxford. 
Assdstant-Master at Uppingham. 41. 6</. 
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DEM08THENB8 — THB ORATION ON THB OBOWM. 

Edited by B. Drake, M.A., late Fellow of King's College, 
Cambridge. Sixth and revised edition. 41. 6d, 

ADVER8U8 LBPTINEM. Edited by Rev. J. R. KiNG, 
M.A., Fdlow and Tutor of Oriel College, Oxford. 4J. 6d, 

EXJRIPIPB8— HIPPOLYTU8. Edited by J. P. MahAFFY, M.A., 
Fellow and Professor of Ancient History in Trinity College, 
Dublin, and J. B. BuRY, Scholar of Trinity College, Dublin. 
Fcap. 8vo. 3^. 6^. 

HOICBR'8 IlalAD— THE 8TOBY OF ACHILLES. Edited 
by the late J. H. Pratt, M.A., and Walter Leaf, M.A.. 
Fellows of Trinity College, Cambridge. Fcap. Svo. 6s, 

HOMER'8 ODY8SEY— THE NARRATIVE OF ODYS- 
SEUS, Books IX.— XII. Edited by JOHN £. K Mayor, 
M.A. Part I. 3*. 

JUVENAL— SELECT SATIRES. Edited by JOHN £. B. 
Mayor, Fellow of St. John's College, Cambridge, and 
Professor of Latin. Satires X. and XI. 3^. 6d, Satires XIL — 
XVI. 4J. 6d. 

LI VY— HANNIBAL'S FIRST CAMPAIGN IN ITALY, 
Books XXI. and XXII. Edited by the Rev. W. W. 
Capbs, Reader in Ancient History at Oxford. With 3 
Maps. $s, 

MARTIAL— SELECT EPIGRAMS. Edited by Rev. H. M. 
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PLAUTUS — MILES GI1ORIO8U8. Edited by R. Y. Tyrrell, 
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PLINY'S LETTERS— Book III. Edited by Profess^or JOHN E. 
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GATE^ M.A., Fellow of Trinity College, Cambridge. 6s. 

8AX.LU8T-- CATILINB and JXJGURTHA. Edited by C. 
Merivalx, B.D. New edition, careMly revised and en- 
larged. 4i. 6d. Or separately 2f. 6d. each. 

TACITU8— AGRICOIiA and GBRMANIA. Edited by A. J. 
Church, M.A., and W. J. Brodribb, M.A. Translators of 
Tacitns. New edition, y. 6d, Or separately 2J. each. 
THE ANNAIiSy Book VI. By the same Editors. 2s, 6d, 

TERBNCB— HAUTON TIM0RVMBM08. Edited by E. S. 
Shuckburgh, M.A., Assistant-Master at Eton Colleget 31. 
With Translation, 4r. 6d, 

PHORMIO. Edited by Rev. JOHN Bond, M.A., and 
A. S. Walpole, B.A. 4J. 6d, 

THXJCYDII3E8 — THB SICILIAN BZPBDITIOM, Books 
VI. and VII. Edited by the Rev. Percival Frost, M. A., 
Late Fellow of St. John's College, Cambridge. New edition, 
revised and enlarged, with Map. 5^. 

XENOPHON— BBLLENIOA, Booka I. and II. Edited by 
H. Hailstone, B.A., late Scholar of Peterhoose, Cambridge. 
With Map. 4f . 6d. 

CYROPJEDIA, Booka VII. and VIII. Edited by Alfred 
Goodwin, M.A., Professor of Greek in University College, 
London. 5^. 

MEMORABILIA SOCRATIS. Edited by A. R. Cluer, 
B.A. Balliol College, Oxford. 6s. 

THE ANABASI8-Booka 1. to IV. Edited vith Notes by 
Professors W. W. Goodwin and J. W. White. Adapted to 
Goodwin's Greek Grammar. With a Map. Fcap. 8vo. 5^. 

The following an in preparation f— 
iBSCHINES-IN CTESIPHONTEM. Edited by Re\r. T. 
GwATKiN, M. A., late Fellow of St. John's Collie, Cambridge. 

[In the press, 

CICE BO-PRO P. SESTIO. Edited by Rev. H. A. Holden, 
M.A., LL.D., Head-Master of Ipswich School, late Fellow 
and Assistant Tutor of Trinity College, Cambridge, Editor 
of Aristophanes, &c. 
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DBMOSTHBNEB^FIRBT PBILIPPIO. Edited bjr Ket* 
T. GwATKiN, M.A., Iste Fellow of St. John's Collie, 

Cambridge. 

BURIPID£S~8BIiBCT VJULYB, by yariotis Editors. 

ALCESTIB. Edited by J. E. C. Wblldon, B.A., Fellow 
and Lecturer of King's College, Cambridge. 

BACCHAB. Edited by E. S. Shuckburgh, M.A.» Assistant- 
Master at Eton Collie. 

MEDBA. Edited by A. W. Vsrrall, M.A., Fellow and 
Lecturer of Trinity College, Cambridge. 

HBRODOTUS— THB IIWASION OFGBBBCB BY JUBBXBS. 
Books VII. and VIII. Edited by THOMAS Casb, M.A., 
formerly Fellow of Brasenose College, Oxford. 

HOMBR'S ODYSSBY-Booka XXI.— XXIV. Edited by S. G. 
Hamilton, B.A., Fellow of Hertford College, Oxfoi-d. 

HORAOB— THB ODES. Edited by T. E. Page, M. A., Master at 
Charterhouse and late Fellow of St. John's College, Cambridge. 

THB SATIRES, Edited by ARTHUR Palmer, M.A., 
Fellow and Professor of Latin in Trinity College, Dublin. 

THE EPISTLBS AND ARS POETICA. Edited by Pro- 
fessor A. S. WiLKiNS, M.A. 

LIVY— Books XXIII. and XXIV. Edited by Rev. W. W. 
Capes, M.A. 

Books II. and III. Edited by Rev. H. M. Stephenson, 
M.A., Head-Master of St Peter's School, York. 

THE SAMNITE ^(VARS as narrated in the First Decade of 
Livy. Edited by Rev. T. H. Stokoe, D.D., Lincoln College, 
Oxford, Head-Master of King's College School, London. 

LYSIAS— SEI.BCT ORATIONS. Edited by E. S. Shuck- 
BURGH, M.A., Assistant-Master at Eton College. [/« the press, 

PLATO.—MBNO. Edited by E. S. THOMPSON, M.A., Fellow 
of Christ's College, Cambridge. 

APOLiOQY AND CRITO. Edited by F. J. H. Jenkinson 
M.A., Fellow of .Trinity College, Cambridge. 

THB REPUBLIC. Books I.— V. Edited by T. H. 
Warren, M.A., Fellow of Magdalen College, Oxford. 
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PLUTARCH — LIPS OT THEMlSTOCliBS. Edited 
by Rev. H. A. Holden, M.A.,LL.D., Editor of '^Aris- 
tophane?," late FeUow and Assistant Tutor of Trinity College, 
Cambridge, &c. [^» ^'^^ P"^^^- 

8OPHOCI1BS— AKTiGONB. Edited by Rev. John Bond, 
M.A., and A. S. Walpole, M. A. 

flS0fiTOMlUd--IaIVfiS OF THB ROBtAN BBlFfiRORS. 
Selected and Edited by H. F. G. BramWELL, B.A., Junior 
Student of Christ Church. Oxford. 

TACITUS— THB HISTORY. BOQlta I. and II, Edited by C. 
£. Graves, M.A. 

THUGYJDIDBS— Books I. tuad II. Edited by H, BroaDBINT, 
M.A., Fellow of Exeter CoUegei Oxford, and Assistant- 
Master at Eton College* 

Bool^a XV. aad V. Edited by C. £. Gravbs, M. A., Classical 
Lecturer, and late Fellow of St. John's Coll^;e| Cambridge. 

VIRGIIa— i&NBID, II. and III. The Narrative of i^neas. 
Edited by E. W. HowsoN, B.A., Fellow of King's 
College, Cambridge. 

0//i£r volumes will follow, 
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iCSSCHYLUS— 7W:S El/MENIDES, The Greek Text, with 
Intrtoduction, English Notes, and Verse Translation. By 
Bernard Drake, M.A., late Fellow of King's College, 
Cambridge. 8vo. $s, 

THE ORESTEIAN TRILOGY. Edited, with IntroducUon 
and Notes, by A. O. Prickard, M. A., Fellow and Tutor of 
New College, Oxford. 8vo. \In preparation, 

iLRikrVB—THE SKIES AND WEATHER-FORECASTS 
OF ARATUS, Translated with Notes by E. PosTE, M.A., 
Oriel College, Oxford. Crown 8vo. 3^. 6d. 

ARISTOTI.B--^Ar INTRODUCTION TO ARISTOTLES 
RHETORIC, With Analysis, Notes, and Appendices. By 
E M. Copx» Fellow and Tutor of Trinity College, Cambridge, 
8vOi 14J. 
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ARISTOTLE Continued — 

ARISTOTLE ON FALLACIES; OR, THE SOPHISTIC I 
ELENCHI, With Translation and Notttt by E. PosTE, M. A. 
Fellow of Or id College^ Oxford. 8va %s. <m/. 
THE METAPHYSICS. BOOK L Translated by a Cam- 
bridge Graduate. 8vo. 5j. {Book 11. m preparation, 

THE POLITICS, Edited, after SusEMiHL, by R. D. HiCK^ 
M. A., Fellow of Trinity College, Cambridge. 8vo. 

\In preparation, 
THE POLITICS. Translated by J. E. C. Welldon, B.A., 
Fellow of King's College, Cambridge. 8vo. \In preparation. 

ARISTOPHANES— r^iS BIRDS. Translated into English 
Verseji^with Introduction, Notes, and Appendices, by B. H. 
KsNlMitbY, D.D., Regius Professor of Greek in the University 
of Cambridge. Crown 8vo. 6f. Help-Notes to the same, 
for the use of Students. \s. 6d. 

ARNOI.D— ^ HANDBOOK OF LATIN EPIGRAPHY-- 
By W. T. Arnold, B.A. [In preparation. 

THE ROMAN SYSTEM OF PROVINCIAL AD- 
MINISTRATION TO THE ACCESSION OF CON- 
STANTINE THE GREAT. By the Same Author. 

Crown 8vo. 6s, 

** Ought to prove a valuable handbook to the Student of Roman His- 
tory." — Guardian. 

bhimChbu—short exercises in latin prose 
composition and examination papers in 

LATIN GRAMMAR, to which is prefixed a Chapter on 

Analysis of Sentences. By the Rev. H. Belcher, M.A., 

Assistant Master in King's College School, London* New 

Edition. iSmo. tj*. 6d. 
Key to the above (for Teachers only), 2s. 6d, 

SHORT EXERCISES IN LATIN PROSE COMPOSU 
TION. PART II., On the Syntax of Sentences, with an 
Appendix including, EXERCISES IN LA TIN IDIOMS, 
&*c. i8mo. 2s. 

BlsAOKin^GREEK AND ENGLISH DIALOGUES FOR 
USE IN SCHOOLS AND COLLEGES. By John 
Stuart Blackib, Professor of Greek in the University of 
Edinburgh. New Edition. Fcap. 8vo. Sf. &/. 
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CICERO— THE ACADEMICA, The Text revised and explained 
by Jamss Rsid, M.A., Fellow of Caius College, Cambridge. 
New Edition. With Translation. Sva [In the press, 

THE ACADEMICS. Translated by James S. Reid, M.A. 
8vo. 5^. 6d. 

SELECT LETTEES," After the Edition of Albert 
Watson, M.A. Translated by G. £. Jeans, M.A., Fellow 
of Hertford College, Oxford, and Assistant-Master at Hailey- 
bury. 8va los. 6d, 

CLASBXCAXi W&ZTER8. Edited by J. R. GrebN, M.A. 
Fcap. 8yo. is. 6d. each. 

A Series of small volumes upon some of the principal 
classical writers, whose works form subjects of study in our 
Schools. 

EURIPIDES, By Professor J. P. Mahafty. [Ready, 

LIVY, By Rev. W. W. Capes, M.A. [Ready. 

SOPHOCLES, By Prof. Lewis Campbell. [Ready, 

VERGIL, By Professor H. Nettleship. [Ready, 
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DEMOSTHENES, By S. H. Butcher, M.A. 
CICERO, By Professor A. S. Wilkins. (^ In 

TACITUS, By Messrs. Church &Brodribb. (preparation. 

HERODOTUS, By James Bryce, M. A, J 

BI»J.1B-^PRACTICAL HINTS ON THE QUANTITATIVE 
PRONUNCIATION OF LATIN, for the use of Classical 
Teachers and Linguists. By A. J. Elus, B.A., F.R.S. 
Extra fcap. 8vo. 4j. 6^. 

-BJUQiUiLlHTi'-EXERCISES ON LATIN SYNTAX AND 
IDIOM, ARRANGED WITH REFERENCE TO 
ROBY'S SCHOOL LATIN GRAMMAR, By E. B. 
England, M.A., Assistant Lecturer at the Owens College, 
Manchester. CroTiiTi 8vo. 2j. 6d. — Key, 2j. (id, 

EURIPIDXSS— MBDEA. Edited, with Introduction and Notes, by 

A. VV. Verrall, M.A., Fellow and Lecturer of Trinity 

College, Cambridge. 8vo. 7j. (id, 
a^BJynHB^THE PROBLEM OF THE HOMERIC POEMS 

By W. D. Gbddbs, Professor of Greek in the University of 

Aberdeen. Sva 141. 
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^bJLDSTONE—Workt by the Ru Hon. W. £. QlaDstomb, M.P. 
JUVENTUS MUNDI; or, Gods and Men of the Heroic 
Age. Second £dition. Crown 8to. tor. 6^. 

THE TIME AND PLACE OF HOMER, Crown 8vo. 

A PRIMER OF HOMER. i8mo. ia 

OOODWIN— Works by W. W. Goodwin, Professor of Greek in 
Harvard University, U.S.A. 

SYNTAX OF THE MOODS AND TENSES OP 7HR 
GREEK VERB. New Edition^ revised. Crown 8to. 
6i. td. 

ANELEMENTAR Y GREEK GRAMMAR. New Edition^ 

revised. Crown 8vo. dr. 

" It is the best Greek Grammar of its siie in the English language.*— 
Athenceum. 

A GREEK GRAMMAR FOR SCHOOLS, [In the press. 

GOODWIN-^ TEXT-BOOK OF GREEK PHILOSOPHY, 
based oa Ritter and Prsller's "Historia Philosophiae 
Graecae et Romanae." By ALFRED Goodwin, M.A. Fellow 
of Balliol College, Oxford, and Professor of Greek in 
University College, London- 8vo. [In preparatum, 

QiBJS.'EJnROOTi-^THE ELEMENTS OF GREEK GRAM- 
MAR, including Accidence, Irregular Verbs, att<f Principles of 
Derivation and Composition ; adapted to the System of Crude 
Forms. By J. G. Greenwood, Principal of Ow^is College, 
Manchester. New Edition. Crown 8vo. 5j. d/. 

BBRODOTU8, Books l.—lll.^THE EMPIRES OF THE 
EAST. Edited, with Notes and Introductions, by A. H. 
Saycb, M.A., Fellow and Tutor of Queen's College, Oxford, 
and Deputy Professor of Comparative Philology. 8to. • 

[In prepartUhn. 

nonQSOK "MYTHOLOGY FOR LATIN VERSIFICA- 
TION, A brief Sketch of the Fables of the Ancients, 
prepared to be rendered into Latin Verse for Schools. By 
F. Hodgson, B.D., late Provost of Eton. New Edition, 
revised by F. C. Hodgson, M.A. i8ino. 3^. 
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HOMBB— TWi? ODYSSEY. Done into English by S. H. 
BuTCHKR, M.A., Fellow of University College, Oxford, and 
And&bw Lang, M.A., late Fellow of Merton College, Oxford. 
Second Edition, revised and corrected, with new Introduction, 
additional Notes and Illustrations. Crown Svo. lOr. 6^. 

TJ/£ ILIAD, Edited, with Introduction and ^Jotes, by 
Walter Leaf, M. A., Fellow of Trinity C<dlege, Cambridge, 
and the late J. H. pRATT, M.A. Svo. \In preparation, 

THE ItlAD. Translated into English Prose. By Andrew 
Lang, M.A.> Walter Leaf, and Ernest Myers, M.A., 
Crown Svo. \In preparation. 

BOasB&ZO DtOTZOXTAST. For Use in Schools and Colleges. 
Translated from the German of Dr. ;G. Autenreith, with 
Additions and Corrections by R. P. Keep, Ph.D. With 
numerous Illustrations. Crown Svo. dr. 

ttOKACB— TWiS WORKS OF HORACE^ rendered into 
English Prose, with Introductions, Running Analysis, and 
Notes, by J. Lonsdale, M.A., and S. Lee, M.A. Globe 
Svo. 3J. dd, 

THE ODES OE HORACE IN A METRICAL PARA^ 
PHRASE, By R. M. Hovendbn. Extra fcap. Svo. 4^. 

HORACES LIFE AND CHARACTER, An Epitome of 
his Satires and Epistles. By R. M. HovSNDSN. Extra fcap. 
Svo. 4J. dd, 

WORD FOR WORD FROM HORACE. The Odes 
literally Versified. By W. T. Thornton, C.B. Crown 
Svo. li. 6d, 

flLOKHOU-'FIRST STEPS TO GREEK PROSE COM- 
POSITION, By Blomfield Jackson, M.A. Assistant- 
Master in King's College School, London. New Edition 
revised and enlarged. iSmo. \s, dd, 

KEY TO FIRST STEPS, iSmo. 3^. (id, 

SECOND STEPS TO GREEK PROSE COMPOSITION, 
with Miscellaneous Idioms, Aids to Accentuation, and Exami- 
nation Papers in Greek Scholarship. iSmo. 2s, 6d. 

^,*, A Key to Second Steps, for the use of Teachers only, is in 
preparation. 
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JACKSON— .4 MANUAL OF GREEK PHILOSOPHY. By 
Henry Jackson, M.A., Fellow and Prselector in Ancient 
Philosophy, Trinity College, Cambridge. \In preparaHon, 

JIBBB^Works by R. C. Jebb, M.A., Professor of Greek in the 

University of Glasgow. 

TH^ ATTIC ORATORS FROM ANTIPHON TO 
ISAEOS. 2 vols. 8va a^f. 

SELECTIONS FROM THE ATTIC ORATORS, ANTI- 
PHON, ANDOKIDES, LYSIAS, ISOKRATES, AND 
IS^OS, Edited, with Notes. Being a companion volome to 
the preceding work. 8vo. i2s, 6d. 

THE CHARACTERS OF THEOPHRASTUS, Translated 
from a revised Text, with Introduction and Notes. Extra fcap. 
8vo. 6f. 6tf. 

A PRIMER OF GREEK LITERATURE. i8mo. is. 
A HISTORY OF GREEK LITERATURE. Crown 8vo. 

[In preparation, 

JUVEN AI^ THIR TEEN SA TIRES OF JUVENAL. With 

a Commentary. By John £. B. Mayor, M.A., Kennedy 

Professor of Latin at Cambridge. VoL I. Second Edition, 

enlarged. Crown 8vo. 7j. 6d. Vol. TI, Crown 8vo. iQf . 6d. 

** For really ripe scholarship, extensive acquaintance with Latin litera- 
ture, and familiar knowledge of continental criticism, ancient and modem, 
it is unsurpassed among English editions.** — Prof. Conington in 
"Edinburgh Review." 

** Mr. Mayor's work is beyond the reach of common literary compli- 
ment. It is not only a commentary on Juvenal, but a mine of the most 
valuable and interesting information on the history, social condition, 
manners, and beliefs of uie Roman world during the period of the early 
Empire.**— Prof. Nettleship in the "Academy. * 

" Scarcely any valuable contribution that has been hitherto made to the 
interpretation of Juvenal will be sought in vain in this commentary .... 
This exx:ellent work meets the long felt want of a commentary to Juvenal 
on a level with the demands of modem science." — Prof. Fribdlandbr 

OF KflNIGSBERG IN " JaHRESBERICKT F&R AlTERTHUMSWISSENSCHAFT.** 

Kl^V^VLT^MANUAL OF ANCIENT GEOGRAPHY, 
Translated from the German of Dr. Heinrich Kikpert. 

Crown 8vo. .5J. 

*' Dr. Kibpert actually succeeds, brief as his nianual necessarily is, 
in making ancient geography interesting, connecting it, as he is able to 
give, from his extensive and scholarly knowledge, with the natural features 
of the various countries, the movements and modern conditions. The 
arrangement is methodical, and the treatment clear and well defined ; the 
connexion between the old world and the new being always kept in aght 

by comparison of ancient and modem names Altogether the 

English Edition of the ' Manual ' will form an indispensable companion to 
Kiepert*s ' Atlas ' now used in many of oar leading schools.'*— The Times. 
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KYNASTON— -fiATA'^C/iyjE^ IN THE COMPOSITION OF 

GREEK IAMBIC VERSE by Translations from EngUsh 

Dramatists. By Rev, H. Kynaston, M.A., Principal of 

Cheltenham Collie. With Introduction, Vocabulary, &c. 

Extra Fcap. 8vo. 4J. 6d, 

KEY TO THE SAME (for Teachers only). Extra fcap. 
8vo. 4f 6d, 

EXEMPLARIA CHEL TONIENSIA : sive quae disdpulis 
suis Carmina identidem Latine reddenda proposuit ipse red- 
didit ex cathedra dictavit Herbert Kynaston, M.A., 
Principal of Cheltenham College. Extra fcap. 8vo. $s, 

LIVY, Books XXI.— ZXV. Translated by A. J. Church, 
M.A., and W. J. Brodribb, M.A. [In proration, 

ImImOY'D--THE AGE OF PERICLES. A History of the 
Politics and Arts of Greece from the Persian to the Pelopon* 
nesian War. By William Watkiss Lloyd, a vols. 8vo. 21s, 

WIACVLIJmImAXK— FIRST LATIN GRAMMAR, By M. C. 
Macmillan, M. a., late Scholar of Christ's College, Cambridge, 
Assistant Master in St. Paul's School i8mo. is, 6d, 

MAHAPFY— Works by J. P. Mahaffy, M.A., Professor of 
Ancient History in Trinity College, Dublin. 
SOCIAL LIFE IN GREECE ; from Homer to Menander. 
Fourth Edition, revised and enlarged. Crown 8vo. gs, 
RAMBLES AND STUDIES IN GREECE, With lUus- 
trations. Second Edition. With Map. Crown 8vo. lor. 6</. 
A PRIMER OF GREEK ANTIQUITIES. With lUus 
trations. i8mo. \s. 
EURIPIDES, i8mo, \s. td. 

MAR8HAI.X. — ^ TABLE OF IRREGULAR GREEK 
VERBSy classified according to the arrangement of Curtius 
Greek Grammar. By J. M. Marshall, M.A., one of the 
Masters in Clifton College. 8vo. doth. New Edition, is, 

MAUTIAJm— SELECT EPIGRAMS FROM MARTIAL FOR 
ENGLISH READERS. Translated by W. T. Webb, 
M.A., Professor of History and Political Economy, Presidency 
College, Calcutta. Extra fcap. 8vo. 4^. 6(i. 
BOOKS /. AND II. OF THE EPIGRAMS, Edited, 
with Introduction and Notes, by Professor }. E. 6. Mayor, 
M.A. 8vo. [In ihe^ess. 
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MAYOR (JOHN B. B.)^F/IiST GREEK READER. Edited 
after Karl Halm, with Conrectioiis and large Additions by 
Professor John E, B, Mayor, M.A., Fellow of St John's 
College, Otmbridge. New Edition, revised. Fcap. 8vo. 4j. 6tL 

BIBLIOGRAPHICAL CLUE TO LATIN LITERA- 
TURE. Edited after HeBNKR, with large Additions by 
Professor John E. B. Mayor. Crown 8vo. ioj. 6d. 

MAYOR (JOSBPH B.)— GREEK FOR BEGINNERS. By 
the Rev. J. B. Mayor, M. A., Professor of Classical Literature 
in King's College, London. Part I., with Vocabulary, u. 6d. 
Parts II. and III., with Vocabulary and Index, p. 6d. com- 
plete in one Vol. New Edition. Fcap, 8vo. doth. 4J. 6d. 

VIILON— PARALLEL EXTRACTS arranged for translation 
into English and Latin, with Notes on Idioms. By J. £. 
Nixon, M.A., Fellow and Classical Lecturer, King's College, 
Cambridge. Part I. — Historical and Epistolary. New Edition, 
revised and enlarged. Crown 8vo. 3^. 6d. 

PBILE (JOHN, M.A.)— ^A^ INTRODUCTION TO GREEK 
AND LATIN ETYMOLOGY. By John Peilk, M.A., 
Fellow and Tutor of Christ's College, Cambridge, formerly 
Teacher of Sanskrit in the University of Cambridge. Third 
and Revised Edition. Crown 8vo. lor. 6d. 
A PRIMER OF PHILOLOGY. By the same Author. 
i8mo. IS. 

FHRYNICHXJS — RUTHERPORD— r^^ NEW PHRY* 
NICHUS ; being a Revised Text of the Ecloga of the Gram- 
marian Phrynichus. With Introduction and Commentary by 
W. GuNiON Rutherford, M.A., of Balliol College, Oxford, 
Assistant Classical Master in St. Paul's School. Svo. i&r. 

PINDAR— THE EXTANT ODES OF PINDAR. Translated 
into English, with an Introduction and short Notes, by Ernest 
Myers, M.A., Fellow of Wadham College, Oxford. Crown 
Svo. 5j. 

PImATO^THE republic OF PLATO. Translated into 
English, with an Analysis and Notes, by J, Ll. Dayiss, 
M.A., and D. J. Vaughan, M.A. New Edition, with 
Vignette Portraiti of Plato and Socrates^ engraved by Jbxns 
from aA Antique Gem, i8ma us. 6d. 
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P&ATO Continued^ — 

PHILEBUS. Edited, with Introduction and Notes, by 
Hbnry Jackson, M.A., Fellow of Trinity College,Cambridge. 
8va \Jn preparation, 

THE TRIAL AND DEATH OF SOCRATES. Being 
the Euthyphro, Apology, Crito, and Phaedo of Plato. Trans- 
lated by F. J. Church. Crown 8vo. 4f. 6d. 
FlfySDO,— Edited by R. D. Archer-IIind, M.A., Fellow 
of Trinity College, Cambridge. 8vo. [In preparation, 

VlMhJSTJjn—THE MOSTELLARIA OF PLAUTUS, With 
Notes, ProI^;omena, and Excursus. By William Ramsay, 
M.A., formerly Professor of Humanity in the University of 
Glasgow. Edited by Professor Gborgb G. Ramsay, M.A., 
of the University of Glasgow. 8vo. 14J. 

POSTGATE AND VINCE—^ DICTIONARY OF LATIN 
ETYMOLOGY, By J. P. Postgate, M.A., and C. A. 
ViNCE, M.A. \In preparation, 

POTTS (A. w., M.A.)— Works by Alexander W. Potts, 
M.A., LL.D., late Fellow of St. John's College, Cambridge ; 
Head Master of the Fettes College, Edinburgh. 
HINTS TOWARDS LATIN PROSE COMPOSITION 
New Edition. Extra fcap. 8va 3^. 

PASSAGES FOR TRANSLATION INTO LATIN 
PROSE, Edited with Notes and References to the above. 
Extra fcap. 8vo. 2s, 

LATIN VERSIONS OF PASSAGES FOR TRANSLA- 
TION INTO LA TIN PROSE. For Teachers only. 2s. 6d, 
EXERCISES IN LATIN PROSE. With Introduction, 
Notes, &c., for the Middle Forms of Schools. Extra fcap. 8vo. 

[In preparation. 

ViOVY-^A GRAMMAR OF THE LATIN LANGUAGE^ from 

Plantus to Suetonius. By H. J. Roby, M.A., late Fellow of 

St. John's CoU^e, Cambridge. In Two Parts. Third Edition. 

Part I. containing : — Book I. Sounds. Book II. Inflexions. 

Book IIL Word-formation. Appendices. Crown 8va &f. 6d. 

Part II. — Syntax, Prepositions, &c. Crown 8vo. lor. 6d. 

"Marked by the clear and practised iniieht of a master in his art. 
A boek that would do honour to any country. ^--ATHBMAtuic. 

SCHOOL LATIN GRAMMAR, By the same Author, 
Crown 8vo. 5^, 
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nvmn^SYNTHETIC LATIN DELECTUS. A First Latin 
ConstrttiBg Book arranged on the Principled of Grammatical 
Analysis. With Notes and Vocabulary. By E. Rush, B.A. 
With Preface by the Rev. W. F. Moulton, H.A., D.D. 
Extra fcap. 8vo. 2f . 

MVBT-^EIESTSTEFS TO LA TIN PROSE COMPOSITION. 
By the Rev. G. Rust, M.A. of Pembroke College, Oxford, 
Master of the Lower School, Kong's College, London. New 
Edition* iSmo. \s. 6d. 

RUTHBRFORD— ^ FIRST GREEK GRAMMAR. By W. G. 
Rutherford, M.A., Assistant Master in St Paul's School, 
London. New Edition, enlarged. Extra fcap. 8va is. 6d. 

SEELEY— ^ PRIMER OF LATIN UTERATURE. By 
Prof. J. R, Sseley. \In preparaiMm, 

^IJOVSOIS— PROGRESSIVE EXERCISES IN LATIN 
PROSE COMPOSITION. Founded on Passages selected 
from Cicero, Livy, &c. By F. P. Simpson, B.A., of Balliol 
College, Oxford. \_In preparation. 

TA.CITUB— COMPLETE WORKS TRANSLATED. By A. J. 
Church, M.A., and W. J. Brodribb, M.A. 
THE HISTORY. With Notes and a Map. New Edition. 
Crown 8vo. 6s. 

THE ANNALS. With Notes and Maps. New Edition. 
Crown 8vo. yj. 6d. 

THE AGRICOLA AND GERMANY, WITH THE 
DIALOGUE ON ORATORY. With Maps and Notes. 
New and Revised Edition. Crown 8va 4^. 6d. 

rHEOCRITUS, BION and MOSCBUS. Rendered into 
English Prose with Introductory Essay by Andrew Lang, 
M.A. Crown 8vo. 6;. 

THEOPHRA8TU8— rZGS CHARACTERS OF THEO- 
PHRASTUS. An English Translation from a Revised Text 
With Introduction and Notes. By R. C Jebb, M.A., Pro- 
fessor of Greek in the University of Glasgow. Extra fcap. 8vo. 
ts.6d. 
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THBINO— Works by the Rev. £. Thrimo, M.A., Head- 
Master of Uppingham SchooL 

A LATIN GRADUAL. A First Latin Construing Book 
for Beginners. New Edition, enlarged, with Coloured Sentence 
Maps. Fcap. Sto. 2s, 6d, 

A MANUAL OF MOOD CONSTRUCTIONS. Fcap. 
8va I/. &/. 
A CONSTRUING BOOK. Fcap. 8va %$. 6d. 

-VlRailM—THE WORKS OF VIRGIL RENDERED INTO 
ENGLISH PROSE^ with Notes, Introductions, Running 
Analysis, and an Index, by James Lonsdale, M.A., anjl 
Samuel Lee, M.A. New Edition. Globe Sva jj. &/. 

WaiVR— FIRST LESSONS IN GREEK. Adapted to Good- 
win's Greek Grammar, and designed as an introduction to the 
Anabasis of Xenophon. By John Williams White, Ph.D., 
Assistant-Prof, of Greek in Harvard University. Crown 8vo. 

WILKIN8— ^ PRIMER OF ROMAN ANTIQUITIES. By 
A. S. WiLKiNS, M.A., Professor of Latin in the Owens 
College, Manchester. With Illustrations. i8mo. is, 

WRIGHT— Works by J. WRIGHT, M.A., late Head Master'of 
Sutton Coldfield School. 

HELLENIC A ; OR, A HISTORY OF GREECE IN 
GREEK, as related by Diodorus and Thucydides ; being a 
First Greek Reading Book, with explanatory Notes, Critical 
and HistoricaL New Edition with a Vocabulary. Fcap. 8vo. 

A HELP TO LATIN GRAMMAR; or. The Form 

and Use of Words in Latin, with Progxtssive Exercises. 

Crown 8va 4j. 6d. 

THE SEVEN KINGS OF ROME. An Easy Nanativei 

abridged fipom the First Book of livy by the omission of 

Difficult Passages; being a First Latin Reading Book, with 

Grrammatical Notes and Vocabulary. New and revised 

edition. Fcap. 8vo. 3^. 6d. 

FIRST LATIN STEPS; OR, AN INTRODUCTION 

BY A SERIES OF EXAMPLES TO THE STUDY 

OF THE LATIN LANGUAGE. Crown 8va 51. 
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WBIGHT Continued-- 

ATTIC PRIMER. Arranged for the Use of B^inners. 
Extra fcap. 8vo. 4x. 6dL 

A COMPLETE LATIN COURSE, comprising Rules with 
Examples, Exercises, both Latin and English^ on each Rule, 
and Vocabularies. Crown 9vo. 4x. ^eU 

MATHEMATICS. 

AIRY— Works by Sir G. B. Airy, K.C.B.^ Astronomer 
Royal : — 

ELEMENTARY TREATISE ON PARTIAL DIF- 
FERENTIAL EQUATIONS. Designed for the Use of 
Students in the Universities. With Diagrams. Second Ed^on. 
Crown %wo. 5^* ^' 

ON THE ALGEBRAICAL AND NUMERICAL 
THEORY OP ERRORS OP OBSERVATIONS AND 
THE COMBINATION OP OBSERVATIONS^ Second 
Edition, revised. Crown 8va 6s, 6d. 
UNDULATORY THEORY OP OPTICS. Designed for 
the Use of Students in the University. New Edition. Crown 
8vo. 6f . 6d. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. 
With the Mathematical Elements of Mudc. Designed for the 
Use of Students in the University. Second Edition, Revised 
and Enlarged. Crown 8vo. 91. 

A TREATISE OP MAGNETISM. Designed for the Use 
of Students in the University. Crown 8vo. 9f. 6(L 

AIRY (OSMUND)-^ TREATISE ON GEOMETItlCAL 
OPTICS, Adapted for the use of the Higher Classes in 
Schools. By Osmund Airy, B.A., one of the Mathematical 
Masters in Wellington College. Extra f cap. 8vOk 311 6d. 

BAYMA'-THE ELEMENTS OP MOLECULAR MECHA' 
NICS. By Joseph Bayiia, S.J.^ Professor of Phitetophy, 
Stonyhurst CoUegiSk Demy 8vo*. lOc 6d. 

BEASLBY— itfiV^ ELEMENTARY TREATISE ON PLANE 
TRIGONOMETRY. With Euunplea. ByR. D< Bkaslry, 
KLA.^ Head Master of Grantham Gmimnar Schook Fifth 
^dkio% wviaed aad cftlMged. CrowA Srsw ^ fti 
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BIJkCItdtr&k {UVGU) — £LEJIfJSNTS OF PLANE 
TRIGONOMETRY^ for the use of the Junior Class in 
Mathematics in the University of Glasgow. By Hugh 
Blackbukn, M.A., t^rofessor of Mathematics in the Univer- 
sity of Glasgo\^. Globe 8vo. ix. 6^. 

BOO]:.E-rWorks by G. BooLE, D.C.L., F.R.S., late Professor 
of Mathematics in the Queen*s University, Ireland. 
A TREATISE ON DIFFERENTIAL EQUATIONS. 
Third and Revised Edition. Edited by I. Todhuntsr. Crow£ 
Syo. 14^. 

A TREATISE ON DIFFERENTIAL EQUATIONS. 
Supplementary VolAe, Edited by I. Todhunter. Crown 
8vo. &r. 6d. 

THE CALCULUS OF FINITE DIFFERENCES, 
Crown 8vo. 101. 6d. Third Edition, revised by J. F. 

MOULTON. 

B&OOK-SMITH {S.)-'AfiITIIMETIC IN THEORY AND 
PRACTICE. By J. Brook-Smith, M.A., LL.B., St. 
John's College, CaAibrldge ; Barrister-at-Law ; one of the 
Masters of Cheltenham College New Edition, revised. 
Crown Svo. '4^. 6d. 

CAMBRIDGE SENATB-HOVSB PBOBIiBMS ftnd RIDBRS 
Wlfa SOLUTIONS I— 

iSjS—^RORLEMS AND RIDERS. By A. G. Greknhill, 
' M.A. Crorwn 8va Us. 6d. 

tSj^SOLUTIONS OF SENATE-HOUSE PkOBLEMS. 
By the Mathematical Moderators and Examiners. Edited by 
J. W. L. Glaishkr, M.A., Fellow of Trinity College, 
Cambridgep I2i. 

CANDLER— ^i^Zi' TO ARITHMETIC. Designed for the 
use of Schook. By H. Candlkr, M.A., Mathematical 
Master of Uppingham SchooL Extra fcap. Svo zr. fxi. 

6HEY*rB— -4A^ ELEMENTARY TREATISE ON THE 
PLANETARY THEORY. By C. H. H. Cheyne, M.A., 
F.K.A.S. With a CoHectioil Qi Problems. Seeomi l^didon. 
Crowli ^vo. 6j. 6dr. 

b i 



20 MACMILLAN'S EDUCATIONAL CATALOGUE. 



0HRI8TIB— ^ COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MATHE- 
MATICS; with Answers and Appendices on Synthetic 
Division, and on the Solution of Numerical Equations by 
Homer's Method. By James R. Christie, F.R.S., Aoyal 
Military Academy, Woolwich. Crown 8vo. &. 6d, 

OImITTOUV-'TBE ELEMENTS OF DYNAMIC. An In- 
troduction to the Study of Motion and Rest in Solid and Fluid 
Bodies. By W.'K. Clifford, F.R.S., Professor of Applied 
Mathematics and Mechanics at University CoUege, London* 
Part I.— KINEMATIC. Crown 8vo. p. 6d. 

CUMMINO— ^iV INTRODUCTION TO THE THEORY 
OF ELECTRICITY. By LlNN/BUS Cumming, M.A., 
one of the Masters of Rugby School With Illustrations. 
Crown 8vo. 8j. 6d. 

CVTUBiiUTSON— EUCLIDIAN GEOMETRY. By Francis 
CuTHBERTSON, M.A., LL.D., Head Mathematical Master of 
the City of London SchooL Extra fcap. 8vo. 4s. 6d. 

DALTON— Works by the Rev. T. Dalton, M.A., Assistant 
Master of Eton College. 

RULES AND EXAMPLES IN ARITHMETIC. NewEdi. 
tion. i8mo. 2s, 6d, [Answers to the Examples are appended. 
RULES AND EXAMPLES IN ALGEBRA. Part I. 
New Edition. i8mo. 2s. Part II. i8ma 2s. 6d. 

-DikY'-PROPERTIES OF CONIC. SECTIONS PROVED 
GEOMETRICALLY. Part I., THE ELLIPSE, with 
Problems. By the Rev. H. G. Day, M.A. Crown 8vo. 
3J. 6d, 

X^^JS^-^GEOMETRICAL TREATISE ON CONIC SEC- 
TIONS. By W. H. Drew, M.A., St John's College^ 
Cambridge. New Edition, enlarged. Crown 8vo. $s. 
SOLUTIONS TO THE PROBLEMS IN DREWS 
CONIC SECTIONS. Crown 8vo. ^, 6d. 

nrrEM.—EXERCISES in ANALYTICAL GEOMETRY. 
Compiled and arranged by J. M. Dyer, M.A., Senior 
Mathematical Master in the Classical Department of Cheltenham 
College. With Illustrations* Crown 8vo« 4^. 6d. 
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BDOAR (J. H.) aad PRITCHARD (G. %,\^NOTE-BOOK 
ON PRACTICAL SOLID OR DESCRIPTIVE GEO- 
METRY, Containing Problems with help for Solutions. By 
J. H. Edgar, M. A., Lecturer on Mechanical Drawing at the 
Royal School of Mines, and G. S. Pritchard. Fourth 
Edition, revised and enlarged. By Arthur Meeze. Globe 
8va 4i. 6d, 

FBRRBRS— Works by the Rev. N. M. Ferrers, M. A., Fellow 
and Master of Gonville and Caius College, Cambridge. 

AN ELEMENTARY TREATISE ON TR2 LINEAR 
CO-ORDINATES, the Metliod of Reciprocal Polars, and 
the Theory of Projectors. New Edition, revised. Crown 8vo. 

AN ELEMENTARY TREATISE ON SPHERICAL 
HARMONICS, AND SUBJECTS CONNECTED WITH 
THEM, Crown 8vo. ^s, 6d. 

FROST— Works by Percival Frost, M.A., formerly Fellow 
of St. John's College^ Cambridge ; Mathematical Lecturer of 
King's CoU^e. 

AN ELEMENTARY TREATISE ON CURVE TRA- 
CING, By Percival Frost, M.A. 8vo. i2j. 

SOLID GEOMETRY, A New Edition, xvvlsed and enlarged 
of *the Treatise by Frost and Wolstenholme. In a Vols. 
Vol.- I. 8vo. 1^1. 

aoDFRAY— Works by Hugh Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. 

A TREATISE ON ASTRONOMY, for tiie Use of Colleges 
and Schools. New Edition. 8vo. I2j. 6d. 

AN ELEMENTARY TREATISE ON THE LUNAR 
THEOR Y, with a Brief Sketch of the Problem up to the time 
of Newton. Second Edition, revised. Crown 8vo. 5^. 6d, 

HUMMlfi a—AN ELEMENTARY TREATISE ON THE 
DIFFERENTIAL AND INTEGRAL CALCULUS, for 
the Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John's College, Cambridge. Second Edition, 
with Corrections and Additions. 8vo. 91. 
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9 KCViSOV — GEOMETRICAL CONIC SECTIONS, An 
Elementary Treatise in which the Conic Sections are defined 
as the Plane Sections of a Cone, and treated by the Metiiod 
of Projection. By J. Stuart Jackson, M.A., late Fellow of 
Gonville and Cains College, Cambridge. Crown 8to. 4j. 6d, 

JBLLBT {JOUVn.y-'A TREATISE ON THE THEORY 
OF FRICTION, By John H. Jkllet, B.D., Senior Fellow 
of Trinity CoU^gts, Dublin; Prudent of the Royal Irisb 
Academy. 8to. %s* M, 

JONB0 iMa4 OUBYWB—ALGEBRAICAl' EXERCISES. 
Progressively Airanged. By the Rev. C. A. JoNSS, M.A,t s^d 
C. H. Chkynk, M.A., F.R,A.S., Mathematical Masti^ of 
Westminster SchooL New Edition. i8mo. 2s, 6a, 

KBI.]:.AND vid T AIT— INTRODUCTION TO QUATER- 
NIONSf with numeroos examples. By P. Ki^lland, M.A., 
F.R.S. ; and P. G. Tait, M.A., Professors in (he department 
of Mathematics in the University of Edinburgh. Crown 8va 

yj. td, 

KWCWBUfjaL—A GEOMETRICAL NQTE-BOOK, containing 
Easy Problems in Geometrical Drawing preparatory to the 
Study of Geometry. Fpr the use of Schools. By F» E. 
Kitchener, M.A., Mathematical Master at Rugby. New 
Edition. 4to. 2f. 

-LX^Q^lSL— ELEMENTARY TRIGONOMETRY, By Hey. J. 
B. Lock, M.A., Fellow of Caius College, Cambridge; and 
Assistant Master at Eton. Globe 8vo. [/« the press. 

lAATJUT— NATURAL GEOMETRY: an Introduction to the 

Logical Study of Mathematics. For Schools and Technical 

Classes. With Explanatory Models, based upon tiie T«chy- 

metrical Works of Ed. Lagout. By A. Mault. i8mo. is. 

Models to Illustrate the above, in Box, izr. 6d, 

lAlRURlMAK — ELEMENTS OF THE METHOD OF 
. LEAST SQUARES. By Mansfibld Mkrriman, P^,D. 
Professor of Civic and Mechanical Engineering, Lehigh Uni- 
versity, Bethlehem, Penn. Crown 8vo. ys. 6d, 

MllMlJiR-ELEMENTS OF DESCRIPTIVE GEOMETRY. 
By J. B. Millar, C.E., Assistant Lecturer in Engineering in 
Owens College, Manchester. Crown 8vo, 6s, 
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MORGAN — ^ COLLECTION OF PROBLEMS AND 
EXAMPLES IN MATHEMATICS, With Answers. 
By H. A. Mox^an, M.A., Sadlerian and Mathematical 
Lecturer of Jesus College, Cambridge. Crown 8vo. ts. td, 

Vmn— DETERMINANTS. By Thos. Muir. Crown 8vo. 

[In preparaHon. 

NEWTON'S PRINCIPIA, Edited by Prof. Sir W. Thomson 
and Professor Blackburn, 4ta doth. 31^. 6^. 
THE FIRST THREE SECTIONS OF NMWTON*S 
PRINCIPIA^ With Notes and lUustraaons. Also a col> 
lection <A Problems, principally intended as Examples of 
Newton's Methods. By Percival Frost, M.A. Third 
Edition. 8vo, 121. 

PARKINSON— Works by S. PARKINSON, D.D., F.R.S., Tutor 
and Prseleetor of St. John's College, Cambridge. 
AN ELEMENTARY TREATISE ON MECHANICS. 
For the Use of the Junior Classes at the University and the 
Higher Classes in Schools. With a Collection oi Examples. 
Sixth Edition, revised. Crown 8vo. doth. ftr. <SdC 
A TREATISE ON OPTICS. New Edition, jrevised and 
enlarged. Crown 8vo. doth. lOf. 6d, 

VSDJXY— EXERCISES IN ARITHMETIC for the Use of 
Schools. Containing more than 7,000 original Examples. 
By S. Pkdlky, late of Tamworth Grammar School, Crown 
8vo. $s. 

VWKRAXL'-ELEMENTARY HYDROSTATICS. With Nu- 
merous Examples. By J. B. Phxar, M. A., Fellow and late 
Assistant Tutor of Clare CoU^^ Cambridge. New Edition. 
Crown 8to. doth. 5j. 6d, 

nB,n— LESSONS ON RIGID DYNAMICS. Bj tiie Rev. 
G. PiRiK, M.A., late Fellow and Tutor of Queen's College, 
Cambridge; Professor of Mathematics in the University of 
Aberdeen. Crown 8vo. 6j. 

FUCKI.B-^A^ ELEMENTARY TREATISE ON CONIC 
SECTIONS AND ALGEBRAIC GEOMETRY. With 
Numerous Examples and Hints for their Solution ; especially 
designed for the Use of Beginners. By G. H. Pucklb, M.A. 
New Edition, revised and enlarged. Crown 8vo. p. 6d, 



24 MACMILLAN'S EDUCATIONAL CATALOGUE. 

WLKWUvmov—ELEMENTARY STATICS, by the Rev. 
George Rawunson, M.A. Edited by the Rev. Edward 
Sturgss, M.A. Crown 8vo. 4^. 6d, 

WLAYlMWau—TBE THEORY OF SOUND, By Lord 
Raylkigh, M.A., F.R.S., formerly Fellow of Trinity College, 
Cambridge. 8vo. VoL I. I2j. td. Vol. II. I2j. 6^. 

[VoU III. in the press, 

BM-VVOImHB— MODERN METHODS IN ELEMENTARY 
GEOMETRY, By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown 8vd. 31. 6d, 

mouTH— Works by Edward John Routh, M.A., F.R.S., 
late Fellow and Assistant Tutor of St. Peter's Collie, Cam- 
bridge ; Examiner in the. University of London. 
AN ELEMENTARY TREATISE ON THE DYNAMICS 
OF THE SYSTEM OF RIGID BODIES. With numerous 
Examples. Third and enlarged Edition. 8vo. au. 

STABILITY OF A GIVEN STATE OF MOTION, 
PARTICULARLY STEADY MOTION Adams' Prife 
Essay for 1877. 8vo. 8j. td. 

SMITH — Works by the Rev. Barnard Smith, M.A., Rector 
of Glaston, Rutland, late Fellow and Senior Bursar of St 
Peter's College, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and 
Application ; with numerous systematically arranged Examples 
taken from the Cambridge Examination Papers, with especial 
reference to the Ordinary Examination for the B.A. Degree. 
New Edition, carefully revised. Crown 8vo. loi. 6/. 

ARITHMETIC FOR SCHOOLS, New Edition. Crown 
8vo. 4r. dd, 

A KEY TO THE ARITHMETIC FOR SCHOOLS, 
New Edition. Crown 8vo. %s. 6d. 

EXERCISES IN ARITHMETIC, Crown 8vo. limp doth. 
25. With Answers. 2J. 6a. 

Answers separately. 6d, 

SCHOOL CLASS-BOOK OF ARITHMETIC. l8mo. 
cloth, y. 

Or sold separately, in Three Parts, is. each. 
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SMITH Conttmud^ 

KEYS TO SCHOOL CLASS-BOOK OP ARITHMETIC 
Parts I., II., and III., 2s. 6d, each. 

SHILUNGBOOK OF ARITHMETIC FOR NA TIONAL 
AND ELEMENTARY SCHOOLS. iSmo. doth. Or 
separately, Part I. 2d, ; Part II. yi. ; Part III. 7^. Answers. 

THE SAME^ with Answers complete. i8mo, cloth, w. 6(L 

KEY TO SHILLING BOOK OF ARITHMETIC, 
i8mo. 4f. td, 

EXAMINATION PAPERS IN ARITHMETIC. i8mo. 
IS, 6t/. The same, with Answers, i8mo. 2s, Answers, 6d, 

KEY TO EXAMINATION PAPERS IN ARITH 
METIC. i8mo. 4J. 6d, 

THE METRIC SYSTEM OP ARITHMETIC, ITS 
PRINCIPLES AND APPLICATIONS, with numerous 
Examples, written expressly for Standard V. in National 
Schools. New Edition. i8mo. doth, sewed, yi, 

A CHART OF THE METRIC SYSTEM, on a Sheet, 
size 42 in. by 34 in. on Roller, mounted and varnished, price 
3J. 6d, New Edition. 

Also a Small Chart on a Card, price id, 

EASY LESSONS IN ARITHMETIC, combming ExercUes 
in Reading, Writing, Spelling, and Dictation. Part I. for 
Standard L in National Schools. Crown 8vo. 9</. 

EXAMINATION CARDS IN ARITHMETIC. (Dedi. 
cated to Lord Sandon.) With Answers and Hints. 

Standards I. and II. in box, is. Standards III., IV. and V., 
in boxes, is, each. Standard VL in Two Parts, in boxes, 
is, each. 

A and B papers, of nearly the same difficulty, are given so as to 
prevent copying, and the Colours of the A and B papers differ in 
each Standard, and from those of every other Standard, ,so that a 
master or mistress can see at a glance whether the children have the 
proper papers. 
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BW OWB ALIt — r^i? ELEMENTS OP PLAXTE AISTD 
SPHERICAL TRIGOhTOMETRY ; with this Construction 
and Use of Tables of Logarithms. By J. C. SNOWBALL, M. A. 
New Edition. Crown Svo. 7*. 6^. 

8YI.LABUS OF PLANS 6EOMBTRY (corresponding to 
Euclid, Books I. — VI.). Prepared by the Assocxadon fiar the 
Improvement of Geometrical Teaching. New Edition. Crown 
Svo. \s. 

TATT and 8TSELB— .^ TREA TTSE 0^ D Yl^AMICS OF 
A PARTICLE. With numerous Examples. By Professor 
Tait and Mr. Strkle. Fourth Edition, revised. Crown 8vo. 

H^LMA^ — ELEMENTARY MENSURATION FOR 
SCHOOLS. With numerous Examples. By Septimus 
Tebay, B.A., Head Master of Queen Elizabeth's Granunar 
School, Rivington. Extra fcap. Svo. ^f. 6d, 

TODHUNTER— Works by I. TODHUNTER, M.A., F.R.S., of 
St. John's College, Cambridge. 

'* Mr. Todhnnter is chiefly known to students of Mathematics as the 
author of a series of admirable mathematical text-books, which possess 
the rare qualities of being clear in style and absolutely free from mistakes, 
typographical or other."— Saturday Rbvikw. 

THE ELEMENTS OF EUCLID. For the Use of Colleges 
and Schools. New Edition. iSmo. Ji. 6d. 

KEY TO EXERCISES IN EUCLID. > Crown Svo. 

MENSURATION FOR BEGINNERS. With numerous 
Examples. New Edition. iSmo. as. ^. 

ALGEBRA FOR BEGINNERS. With numerous Examples. 
New Edition. iSma 2s, 6d. 

KEY TO ALGEBRA FOR BEGINNERS. Crown Svo. 
6s. 6d. 

TRIGONOMETRY FOR BEGINNERS. With numerous 
Examples. New Edition. iSmo. 2s. 6d. 

KEY TO TRIGONOMETRY FOR BEGINNERS. 
Crown Svo. S«. 6d. 
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TODHUNTER Continued — 

MECHANICS FOR BEGINNERS, With numerous 
Examples. New Edition. i8mo. 4^. 6d. 

KEY TO MECHANICS FOR BEGINNERS. Crown 
SvQ. 6^. 6d, 

ALGEBRA, For the Use of Colleges and Schools. New 
Edition. Crown 8vo. fs, 6d. 

KEY TO ALGEBRA FOR THE USE OF COLLEGES 
AND SCHOOLS. Crown 8ya iQs. 6d. 

AN ELEMENTARY TREATISE ON THE THEORY 
OF EQUATIONS. New Edition, revised Crown 8vo. 
7j. &i 

PLANE TRIGONOMETRY. For Schools and Colleges. 
New Edition. Crown 8vo. 5^. 

KEY TO PLANE TRIGONOMETRY, Crown 8vo. 
\05, 6d. 

A TREATISE ON SPHERICAL TRIGONOMETRY. 
New Edition, enlarged. Crown 8vo. 4^. 6d. 

PLANE CO-ORDINATE GEOMETRY, as appUed to the 
Straight Line and the Conic Sections. With numerous 
Examples. New E^tion, revised and enlarged. Crown 8vo. 

^s, 6d. 

A TREATISE ON THE DIFFERENTIAL CALCULUS, 
With numerous Examples. New Edition. Crown 8vo. 
\05, 6d. 

A TREATISE ON THE INTEGRAL CALCULUS AND 
ITS APPLICATIONS. With numerous Examples. New 
Edition, revised and enlarged. Crown 8vo. ioj. 6</. 

EXAMPLES OF ANALYTICAL GEOMETRY OF 
THREE DIMENSIONS. New Edition, revised. Crown 
8vq. 4/. 

A TREATISE ON ANALYTICAL STATICS. With 
numerous Examples. New Edition, revised and enlarged. 
Crown 8vo» los, 6d. 
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TODHUHTEH Qmtinued- 

A HISTORY OF THE MATHEMATICAL THEORY 
OF PROBABILITY^ from the time of Pascal to that of 
Laplace. 8to. \%s. 

RESEARCHES IN THE CALCULUS OF VARIA- 
TIONSf principally on the Theory of Disoontinaoiis Solutions : 
an Essay to whidi the Adams Prize was awarded in the 
Univera'ty of Cambridge in 187 1. 8vo. 6/. 

A HJSrORY OF THE MATHEMATICAL THEORIES 
OF ATTRACTION, AND THE FIGURE OF THE 
EARTH, from the time of Newton to that of Laplaoe. 2 vols. 
8vo. 24J. 

AN ELEMENTARY TREATISE ON LAPLACE S, 
LAME'S, AND BESSEL'S FUNCTIONS. Crown 8va 
lor. 6d, 

WILSON (J. W.)^£LEMENTARY GEOMETRY. Books 
I. to V. Containing the Subjects of Euclid's first Six 
Books. Following the Syllabus of the Geometrical Association. 
By J. M. Wilson, M.A., Head Master of Clifton College. 
New Edition. Extra fcap. 8vo. 4s. 6d, 

SOLID GEOMETRY AND CONIC SECTIONS, With 
Appendices on Transversals and Harmonic Divisioxu For the 
Use of Schools. By J, M. Wilson, M.A. New Edition. 
Extra fcap. 8vo. 3/ . 6d. 

vmiABOVf— GRADUATED EXERCISES IN PLANE TRI- 
GONOMETRY, Compiled and arranged by J. Wilson, 
M.A., and S. R. Wilson, B.A. Crown 8vo. 4*. 6d. 

*' The exercises seem beautifully graduated and adapted to lead a student 
on most gently and pleasantly "— £. J. Routh, F.R.S., St Peter's College, 
Cambridge. 

WII.BON (W. P.)— ^ TREATISE ON DYNAMICS, By 
W. P. Wilson, M.A., Fellow of St. John's College, Cam- 
bridge, and Professor of Mathematics in Queen's CoU^e, 
Belfast 8vo. 91. 6d. 
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WOIMT^JUnow/LlA—MATHMMATJCAL PROBLEMS^ an 

Subjects included in , the First and Second DiTisions dl the 
Schedule of Subjects for the Cambridge Mathematical Tripos 
Examination. Devised and arranged by Joseph Wolstxn- 
HOLMS, late Fellow of Christ's College, sometime Fellow of 
St John's College, and Professor of Mathematics in the Royal 
Tndian Engineering College. NewEd. greatly enlarged. 8vo. i%s. 

SCIENCE. 

SCIENCE PRIMERS FOR ELEMENTARY 

SCHOOLS. 

Under the joint Editorship of Professors Huxley, Roscob, and 

Balfour Stewart. 

"These Primers are extremely simple and atttaedTe^ and thoroughly 
answer their purpose of just leading the young be9:inner up to the thresh- 
old of the long avenues in the Palace of Nature which these titles suggesL" 
—Guardian. ^ 

"They are wonderfully dear and lucid In their instrottion, dmpla in 
style, and admirable in plan. "— Sducationax. Tims. 

INTBODUCTORY— By T. H. HuxLEY, F.R.S., Professor of 
Natural History in the Royal School of Mines. l8ma u. 

CHBMISTRY — By H. £. RoscoE, F.R.S., Professor of 
Chemistiy in the Victoria University the Owens College, 
Manchester. With numerous Illustrations. i8mo. is. New 
Edition. With Questions. 

*' A very model of perspicacity and accuracy.*— CuiasT and Dxvg- 

GIST. 

PHYSIC8~By Balfour Stewart, F.R.S., Professor of Natural 
Philosophy in the Victoria University the Owens College, 
Manchester. With numerous Illustrations. i8mo. is. New 
Edition. With Questions. 

FHYSICAIi aSOORAPHY— By ARCHIBALD GeIKIS, F.R.S., 
Murchiaon Professor of Geolc^ and Mineralogy at Edin- 
burgh. With numerous Illustrations. New Edition, with 
Questions. i8mo. is, 

"Everyone of his letioas is marked by simplicity, clearness, and 
correctness. " — Athsn/buii. 

GEOIiOaY — By Professor Geikie, F.R.S. With numerous 
Illustrations. New Edition. i8mo. cloth, is. 

** It is hardly possible for the dullest child to niisunH. trsiaud the meaning 
of a classification of stones after Professor Geilde's ex ^uinatien. "^School 
BoAXO Chkomicul 
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•ClfilfOai PTktMMAM CanHmtO^ 

PHY8IOliO#Y— By MicHAlL FosTBR, M.D., F.K.S. With 
nutaeroiui Ilhistratiotis; New Edition. i8mo. U. 

" Th« book Menu to os to leave nodung to be dedv6d ix sta <ltementary 

teaC^bOolc "— ACADHM Y. 

A8T1EIOMOMY — Bj J. No&MABT LOCXYXK, F.R.I^. With 

numerous lUustntioDd. New EcBtion. itoo. I/. 

** This is altogether one of the most likely attempts we have ever seen to 
bring astronomy down to the capacity of the young child."— Schoox. 
Board Chronicle. 

BOTAMTT— By Sir J. D. HooKBH, K.C.S.L, C.B., F*R.S. 
With numerous Illustmtions. New Edition. i8mo« u. 



(( < 



To teachers the Pdmer will be of inestimable value, and not only 
because of the simplicity <A the la&guage and the clearness with which the 
subiect Blatter is treated, bat adto on aceettnt of its coming from the highest 
authority, and so furnishing positive information as to the aiost suitable 
nethode of teadnag €tto science of botany. "-'■Nat0xie. 

bOOlCH-By Professor STANLtY JtvoUtt, LL.D., M.A., F.R.S. 
New Edition. i8mo> zx. 
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It appean to us adaorably adapted to eerte both as an introduction 
to scientific reasoning, and as a gidde to sound Judgment and reasoaiag 
. in the ordiuoy atfairtf o^ fifo."— AcADSMt. 

PdLiTlCAX. BCONOMY— By Professor Stanley Jkvons, 

LL.D., M.A., F.R.S, iSmo. u. 

** Unquestionably in every req^ect an adflBxable piiner."— School 
Board CHRoNicLtf. 

In pr^roHm : — 
ZOOLOGY. By Professor Huxlxy. &c. &c. 



ELEMENTARY CLASS-BOOKS. 

ASTRONOMY, bj the Astrononeic ft«ifati- 

POPULAR ASTRONOMY. With IlhutnttiODS. By Sir 
G. B. Ai&Y, K.C.B.9 Astronomer RoyaL New Edition. 
iSmo. 4J. 6d. 
ASTRONOMY. 

ELEMENTARY LESSONS IN ASTRONOMY. With 
Coloured Diagram of the Spectra of the Sun, Stars, and 
Nebulae, and numerous Illustratioiis, By J. Nokman L<$CKysR, 
F.R.S. New Edition. Fcap. SVo. %i, 6d. 

" Vall. clear, Moiad* and ironby of <tseat\o«i. no« oaVf ta a pupuiai 
exposition, bnt as a scientifit ' Indoc' "-^AiuKNArvii. 
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BIiBMBNTARY OltASS-BOOKS Cff^tirmed-^ 

QUESTIONS ON LOCKYEItS ELEMENTARY LES- 
SONS IN ASTRONOMY, For the Usfc of Schools. By 
John Forbks-Robbrtson. i8mo. doth limp, is, 6d, 

PHY8IOX.OOY. 

LESSONS IN ELEMENTARY PHYSIOLOGY. With 
numerous Illustrations. ByT. H. HuxutY, F.R.S., Professor 
of Natural History in the Royal School of Mines. New 
Edition. Fcap. 8vo. 4J. 6d, 

•• Pare gold throughout"— Guakdian. 

*' UnqnestionAUj the cltarest and most coaplese dbatencuy ueatisQ 
on this subject that we posiess in any language. "— Wbstminstbk Rbvibw 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR 
SCHOOLS. By T. Alcock, M,D. i8mo. is. 6d, 

BOTANY. 

LESSONS IN ELEMENTARY BOTANY, By D. 

OUVKR, F.R.S., F.L.S., Professor of Botany in University 
College, London. With nearly Two Hundred Illustrations. 
New Edition. Fcap. dro. 4s, 6d. 

OHBttlSPtttY. 

LESSONS IN ELEMENTARY CHEMISTRY^ IN- 
ORGANIC AND ORGANIC. By HwniT E. Roscoe, 
F.R.S.9 Pn^essor of Chemistry in the Victoria University the 
Owens College, Manchester, With numerous Iliustrations 
and Chiomo*Xitho of the Sokv Spectrum^ and ol Ihe Alkalies 
and Alkaline Earths. New Edition. Fcap. 8vo. 4s, 6d, 

*' As a standard general text-book it deserves to take a leading place, "-^ 
Sfbctator. 

" We unhesitatingly pronottaee it tbe best of all our eteaeniery treatises 
<fti C&eai!Mifj^.'*^MKDR:XL l/rtiSS. 

A SERIES OP CHEMICAL PROBLEMS, prepared with 
Special Ref(frence to the above, by T. E. Thorpe, Ph.D., Pro* 
fessor of CJ^emistiy ill f&e Yorkshire CoUege of Sdence, Leeds, 
Adapted for the preparation of Students for the Govermacnt^ 
Science^ and Society of Asta £xamittatton& With a Preface by 
Professor Rosgok. New Edition^ with Key. i8mo. zs. 

POUTIOAb BOONOK Y« 

POLITICAL ECONOMY FOR BB<^INNERS. By 

MiLLiCBNT G. Fawcktt. New Edition. i8mo. zs, 6a. 



«< 



** The relation* dT cafHtal utd labour have never %e«« flHire simi^ or 
non clMurly expounded. "—GonTSMPoaAav Rsyiwr. 
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IiOOIC. 

ELEMENTARY LESSONS IN LOGIC; Deductive and 

Inductive, with copious Questions and Examples, and a 

Vocabulary of Logical Tenns. By W. Stanley Jbvons, 

LL.D., M.A., F.R.S. New Edition. Fcap. 8va yt, 6d, 

** Nothing can be better for a school-book."— Guamdiam. 

*' A manual alike simi>le, interestinK, and scientific.''— -ATHXNiBUif. 

PHYSIOS. 

LESSONS IN ELEMENTARY PHYSICS. By Balfour 

Stewart, F.R.S., Professor of Natural Philosophy in the 
Victoria University the Owens College, Manchester. With 
numerous Illustrations and Chromolitho of the Spectra of the 
Sun, Stars, and Nebulae. New Edition. Fcap. 8vo. 4f. ^, 

" The bean4deal of a scientific tevt-book, clear, accurate, and tfaorauch." 
•— Educational Timbs. 

QUESTIONS ON BALFOUR STEWART'S ELE- 
MENTAR Y LESSONS IN PHYSICS. By Prof. Thomas 
H. Core, Owens College, Manchester. Fcap. 8vo. 2r. 

PRAOTICAIi CHBMISTRY. 

THE OWENS COLLEGE JUNIOR COURSE OF 
PRACTICAL CHEMISTRY. By Francis Jones, Chemical 
Master in the Grammar School, Manchester. With Preface by 
Professor RosGOi, and niustrations. New Edition. i8mo. 
2J. &^ 

CHBMISTRT. 

QUESTIONS ON CHEMISTRY. A Series of Problems 
and Exercises in Inoi^nic and Organic Chemistry. By 
Francis Jones, F.R.S.E., F.C.S., Chemical Master in the 
Grammar Schooly Manchester. Fcap. 8va 3x. 

ANATOMY. 

LESSONS IN ELEMENTARY ANATOMY. By St. 
George Mivart, F.R.S., Lecturer in Comparative Anatomy 
at St. Maiy's HospitaL With upwards of 400 lUusttattons. 
Fcap. 8vo. 6f . 6d. 

** It aay be questioned whether any other work on anateaiy contains in 
like compass so proportionately ^reat a mass of information. "—Lancbt. 

**TliA work is excellent, and should be in the hands of every student ti 
httman anatomy."— MamcAL Ttiias. 
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BXaMBMTART ObABS-BOOKB ConHmiid-^ 



AN ELEMENTARY TREATISE. By John Fbk&y, 
C.E., Whitworth Scholar, Fellow of the Chemical Society, 
Lecturer in Physics at Clifcon College. With numerous Wood- 
cuts and Numerical Examples and Exercises. i8mo. 4f. 6d, 

" The jroiing engineer and those seeking for a comprehensive knowledjp:e 
of the use, ^wer, and eeonony of steam, could not have a more useful 
work, as it is very intelligible, well arranged, and practical thcoughoat."— 

laONMOHGBS. 

PHYSICAL GEOGRAPHT. 

ELEMENTARY LESSONS IN PHYSICAL GEO- 
GRAPHY. By A. GsiKis, F.R.S.» Murchison Professor 
of Geology, &c., Edinburgh. With numerous Illustrations. 
Fcap. 8va 4r. &/. 
QUESTIONS ON THE SAME. is. W. 



CLASS-BOOK OF GEOGRAPHY. By C B. Clarke, M. A., 
F.L.S., F.G.S. Fcap. 8va New Edition, with Eighteen 
Coloured Maps. 31. 

NATURAL PHILOSOPHY. 

NATURAL PHILOSOPHY POR BEGINNERS. By 
I. ToDHUNTBR, M.A., F.R.S. Fart L The Properties of 
Solid and Fluid Bodies. i8mo. 31. 6(L 
Part IL Sound, Light, and Heat i8mo. ^f. 6d. 

MORAL PHILOSOPHY. 

AN ELEMENTARY TREATISE. By Prof . E. Catrd, 
of Glasgow University. [In proration. 

BLEOTRICITY AND MAGNETISM. 

ELEMENTARY LESSONS IN ELECTRICITY AND 
MAGNETISM. By Prof. Sylvanus Thompson, of Uni- 
versity Coll^^e, Bristol. With Illustration.^. [In the press. 

BOUND. ^ 

AN ELEMENTARY TREATISE. By W. H. Stonb, 
M.E With nhstratioiis, i8ma Zf.6d. 



ELEMENTARY LESSONS IN PSYCHOLOGY. By G, 
C&ooM ROBB&TSON, Profetior of Bfenttl Philoiophy, &c, 
UnlTOiity College, London. * Ifitfr^tumtiam. 

€ 



34 MACMILLAN'S EDUCATIONAL CATALOGUE. 



BLBMISNTARY CI.ABS BOOKS C&nHmud'- 

AGRICULTURB — ELEMENTS OF A GRICUL TVRAL 
SCIENCE, ByH. Tanner, F.C.S., Professor of Agricultural 
Sdence, University College, Aberystwith. Fcap; 8vo. 

\In the press. 

ECONOMICS— THE ECONOMICS OF INDUSTR K By A. 

Marshall, M.A., Principal of University College, Bristol, 

and Mart P. Marshall, late Lecturer at Newnham Hall, 

Cambridge. Extra fcap. 8vo. 2j. 6^. 

" The book is of sterling value, and wiU be of greM: Uie to students and 
teachen."—- ATHBNiVUM. 

Othmrt in PiNparaium, 

MANUALS FOR STUDENTS. 

Crown 8vo. 

COBSK— GUIDE TO THE STUD? OF POLITICAL 
ECONOMY. By Dr. LuiGi CossA, Professor in the 
University of Pavia. Translated from the Second Italian 
Edition. With a Preface by W. Stanucy Jkvqns, F.R.S. 
Crown $vo. 4r. 6^. 

DTBR AND yfrvfEXk—THE STRUCTURE OP PLANTS. By 
Professor Thiselton Dyer, P.R.S., assisted by Sydney 
Vines, B.Sc, Fellow and Lecturer of Christ's College, 
Cambridge. With numerous Illustrations. \In pnp^nraHon. 

PAWCBTT— ^ MANUAL OF POLITICAL ECONOMY. 
By Right Hon. Henry Fawcett, M.P, New Edition, 
revised and enlarged. Crown 8vo. I2f. 

FMISOHBR-^ SYSTEM OF VOLUMETRIC ANALY- 
SIS, Translated, with Note^ and Additions, from the second 
German Edition, by M. M. Pattison MmR, F.R.S.E. With 
Illustrations. Crown 8vo. Is, 6d. 

PLOWBR (W. n.y-AN INTRODUCTION TO THE OSTE- 
OLOGY OF THE MAMMALIA. Being the substance of 
ibe Course of Lectures delivered at the Roysl College of 
Snigeont of England in 187a By Professor W. H. Flower, 
F.R«5« F.&.C.a. WithnuBMrousnimkmtioaa. New Edition, 
•Blnfgo4 Crown 8ira lor. M 
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NAMUALS FOR BTUDSMTB OmiinUitl^ 

romTBTBL autt bAit^VBY^A COURSE OF ELEMENTARY 
PRACTICAL PHYSIOLOGY. . ]^ Michael Foster, 
M.D., F.R.S., and J. N. Langlsy, B.A. Fornth Edition. 

Crown oTQu fiif* 

HOOKBR— 7*^^ STUDENT'S FLORA OF THE BRITISH 
ISLANDS. By Sir J.D. Hooker, K.C.S.I., C.B., F.R:S., 
M.D., D.C.L. New Edition, revised. Globe 8vo. lOf. 6d. 

UUXUBY— PHYSIOGRAPHY. An Introduction to the Study of 
Nature. By Professor Huxley, F.R.S. Witli numerous Illus- 
trations, and Coloured Plates. Third and Cheaper Edition. 
Crown 8to. 6x. 

HUXIiEY and MARTIN— i4 COURSE OF PRACTICAL 
INSTRUCTION IN ELEMENTARY BIOLOGY. By 
Professor Huxley, F.R.S., assisted by H. N. Martin, M.B., 
D.Sc. New Edition, revised. Crown 8vo. 6r. 

JBVONS— 7»Z PRINCIPLES OF SCIENCE. A Treatise 
on Logic and Scientific Method. By Professor W. Stanley 
Jevons, LL.D., M,A.y F.R.S. New and Revised Edition. 
Crown 8vo. \ls. 6d. 

STUDIES IN DEDUCTIVE LOGIC. By Professor 
W. Stanley Jevons, LL.D., M.A., F.R.S. Crown 8vo. 6s. 

KBNNBDY — MECHANICS OF MACHINERY. By 
A. B. W. Kennedy, M. Inst. C.E., Professor of Engineering 
and Mechanical Technology in University Collie, London. 
With Bltistrations. Crown 8vo. [In the press. 

KIEPBRT— ^ MANUAL OF ANCIENT GEOGRAPHY. 
From the German of Dr. H. Kiepert. Crown 8vo. Sj. 

OUVBn{9rottmmory^FIRSTB00ir0FINDIAN BOTANY 
By Professor Daniel Oliver, F.R.S., F.L.S., Keeper of 
the Herbarium and Library of the Royal Gardens, Kew. 
With numerous Illustrations. Extra fcap. 8vo. 6s. 6d. 

i—A COURSE OF INSTRUCTION IN ZOOTOMY _ 
(VERTEBRATA). By T. Jeffrey Parker, B.Sc. Lond., 
Professor of Biology in the University of Otago. With Illus- 
trations. Crown Svo. [In th4jnfiss. 

C 2 
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MANUALS FOR BTUDBMT0 Conii$mii^ 

PAmRBR wd BBTTANY— rar-ff MORPHOLOGY OF 

THE SKULL, By Professor Farksr and G. T. Bbttant. 

UlnstratecU Crown 8vo. lor. td, 

SMITH, K-DhM—THE WEALTH OF NATIONS. By 
Adam Smith. Edited with Notes, &c., for the Use of 
Students, by W. Stanley Jevons, LL.D., M.A., F.R.S. 
Crown 8vo. 

T AIT— AN ELEMENTARY TREATISE ON HEAT. By 
Professor Tait, F.R.S.E. Qlastrated. \In the press, 

TnoMSOtt— ZOOLOGY. By Sir C. Wyvillk Thomson, F.R.S. 
Illustrated. [In the press, 

TYl^lBL—ANTHROPOLOGY. An Introduction to the Study of 
Man and Civilisation. By E. B. Tylor, D.C.L., F.R.S. 
With numerous Illustrations. Crown 8vo. 7j. 6d, 
Other volumes of these Manuals will follow. 



SCIENTIFIC TEXT-BOOKS. 

BALFOUR—^ TREATISE ON COMPARATIVE EMBRY- 
OLOGY, By F. M. Balfour, M.A., F.R.S., Fellow and 
Lecturer of Trinity College, Cambridge. With Illustrations. 
In 2 vols. 8vo. i8j. each. 

BALL (R. %., K.m.y^EXPERIMENTAL MECHANICS. A 
Course of Lectures delivered at the Royal Collie of Science 
for Ireland. By R. S. Ball, A.M., Professor of Applied 
Mathematics and Mechanics in the Royal College gf Science 
for Ireland. Cheaper Issue. Royal 8vo. lOr. dd, 

BRDNTON — ^ TREATISE ON MATERIA MEDICA, 
By T. Lauder Brunton, M.D., F.R.S. 8vo. 

\In preparation, 

C1*AXJS1US— MECHANICAL THEORY OF HEAT. By R, 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridgre. Crown 8vo. los, 6d. 

COTTSRILL— ^ TREATISE ON APPLIED MECHAN- 
ICS. By James Cotterill, M.A., F.R.S., Professor of 
- Applied Mechanics at the Royal Naval College, Greenwich. 
•^''With IlluLtrations. 8vo, \In preparation^ 
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SCIENTIFIC TBZT-BOOKS ConHmud-^ 

DANISLIr-^ TREATISE ON PHYSICS FOR MEDICAL 

STUDENTS, By Alfred Daniell. With Illustrations. 
8vo. [In preparation, 

rOBTBB—^ TEXTBOOK OF PHYSIOLOGY. By Michakl 
FOSTEK, M.D., F.R.S. With Illustrations. Third Edition, 
revised. 8to. 2Ij. 

GAMGEB-^ TEXTBOOK OF THE PHYSIOLOGICAL 
CHEMISTRY OF THE ANIMAL BODY. Including an 
account of the chemical changes occurring in Disease. By 
A. Gamges, M.D., F.R.S., Professor of Physiology in the 
Victoria Univer.- ity and Owens College, Manchester. 2 Vols* 
8yo. With Illustrations. VoL I. \%s, 

[ Vol, II, in the press. 

GB&BVBAVR— ELEMENTS OF COMPARATIVE ANA- 
TOMY. By Professor Carl GegenbauR. A Translation by 
F. Jeffrey Bell, B.A. Revised with Preface by Professor 
E. Ray Lankestsr, F.R.S. With numerous Illustrations. 
8vo. 2ts. 

g:biki7S— TEXTBOOK OF GEOLOGY. By Archibald 
GEIKIE, F.R.S., Professor of Geology in the University of 
Edinburgh. With numerous Illustrations. 8vo. [In the press. 



^STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are 
added the principles of Taxonomy and Phytography, and a 
Glossaxy of Botanical Terms. By Professor AsA Gray, 
LL.D. 8vo. \os, 6d, 

NUVrcomB-^POPULAR ASTRONOMY, By S. Newcomb, 
LL.D., Professor U.S. Naval Observatory. With iia Illus- 
trations and 5 Maps of the Stars. 8vo. i$s. 

** It is txnlike anything else of its kind, and will be of more use in cir* 
eulating a knowledge of astronomy than mne>tenth8 of the books wbich 
have appeared on the subject of laie ytax%,'*~^iUurdaf Revirut, 

RBXJI.BAVX — THE KINEMATICS , OF MACHINERY, 
OutUnes of a Theory of Machines. By Professor F. Rxuucaux« 
Translated and Edited by Professor A. B. W, Kennedy, 
C.E. With 450 Illustrations. Medium 8vo, au. 
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BOSCOB sad SOHOBIAMMBB — INORGANIC CHRMIS' 
TRY. A Complete Treatise on Inorganic Chemlstrj. B7 
Profcfsor H. E. RoscoE, F.R.S., and Professor C Schor- 
UMMEK, F.R.S. WithntunerousIOiistrationa. Medium Svo. 
Vol. I.— The Non-Mctallic Elements. 21/. VoL U. FartL— 
Metals. i8j. Vol. IL Part II.— Metals. \%s. 
Vol. III.— ORGANIC CHEMISTRY. Part. 1.—THE 
CHEMISTRY OF THE HYDROCARBONS; and their De- 
rivatives or ORGANIC CHEMISTRY. By Profe. RoscOE and 
ScHORLEMMER. With numerous Illustrations. Medium 8vo. 21s. 

tdHORItEMMEH— ^ MANUAL OF THE CHEMISTRY OF 
THE CARBON COMPOUNDS, OR ORGANIC CHE- 
MISTRY. By C. SCHORLEMiiiER, F.R.S., Professor of 
Chemistry, the Victoria University, the Owens College, Bian- 
chester. With Illustrations. 8vo. 141. 

THORPE AMD Rt^OltER— ^ TRBA TISE ON CHEMICAL 

PHYSICS. By Professor Thorpe, F.R.S., and Professor 

RirCKER, of the Yorkshire College of Science. Illustrated. 

8vo. [In proration, 

NATURE SERIKS. 

THE SPECTROSCOPE AND ITS APPLICATIONS. By 
J. Norman Lockyer, F.R.S. With Coloured Plate and 
numerous Illustrations. Second Edition. Crown 8vo. 31. 6d. 

THE ORIGIN AND METAMORPHOSES OF INSECTS. 
By Sir John Lubbock, M.P., F.R.S., D.C.L. With nume- 
rous Illustrations. Second Edition. Crown 8vo. 3^. 6d. 

THE TRANSIT OF VENUS. By G. Forbes, M.A., Pro- 
fessor of Natnnd Philosophy in the Andersoaian University, 
Glasgow. Illustrated. Crown 8vo. y. 6d. 

THE COMMON FROG. By St. Gborgs Mivart, F.R.S., 
Lecturer in Comparative Anatomy at St Mary's Hospital. 
With numerous Illustrations. Crown 8vo. 31. 6d. 

POLARISATION OF LIGHT. By W. Spottiswoodb, P.R.S., 
With many Illustrations. Second Edition. Crown 8vo. 3J. 6d. 

ON BRITISH WILD FLOWERS CONSIDERED IN RE- 
LA TION TO INSECTS. By Sir John Lubbock, M.P., 
F.R.S. With numerous Illustrations. Second Edition. Crown 
8vo. 4J. 6d. 
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NATURB SBBIBS CmHnutd-^ 

THE SCIENCE OF WEIGHING AND MEASURING, AND 
THE STANDARDS OF MEASURE AND WEIGHT. 
By H. W. Chisholm, Warden of the Standards. With 
numerous Illustrations. Crown 8vo. 4<f* ^- 

ffOW TO DRAW A STRAIGHT LINE: » Lecture on link- 
ages. By A. B. KlEMPB. Witik QiustratioxiB. Crown 8vo. is, 6d, 

LIGHT: a Series of Simple, Entertaining, and Inexpensive Expe- 
riments in the Phenomena of Light, for the Use of Students of 
every age. By A. M. Mayer and C. Barnard, Crown 8vo, 
with numerous Bhistrations. 2s, 6d, 

SOUND, a Series of Simple, Entertaining, and Inexpensive Ex- 
periments in the Phenomena of Sound, for the use of Students 
of every age. By A, M. Mayer, Professor of Physics in 
the Stevens Institute of Technology, &c. With numerous 
Illustrations. Crown 8vo. 3^. 6d, 

SEEING AND THINKING. By Professor W, K. Clifford. 
F.R.S. With Diagrams. Crown 8vo. '^. 6d. 

DEGENERATION. By Prof. E. Ray Lankester, F.R.S, 
With Illustrations. Crown 8vo. 2s. 6d. 

FASHION IN DEFORMITY, as Illustrated in the Customs of 
Barbarous and Civilised Races. By Prof. Flower. With 
lUustrations, Crown 8vo. 2s. 6d. 

Other volumes to follow. 

EASY LESSONS IN SCIENCE. 
Edited by Pro! W. F. Barrett. Extra feap. 8vo. 

HEAT. By Miss C. A. Martiwkau. Illustrated. 2s. €d. 
LIGHT. By Mrs. Awdrv. Illustrated. 2s. 6d. 
ELECTRICITY. By Prof. W. F. Barrett. [In preparation. 

SCIENCE LECTURES AT SOUTH 
KENSINGTON. 

VOL. I. Containing Lectures by Capt Abney, Prof. Stokes, 
Prof. Kennedy, F. G. Bramwell, Prof. G. Forbes, H. C. 
SoRBY, J. T. Bottomley, S. H. Vines, and Prof. Carey 
Foster. Crown Svo. 6j. 
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VOL. IL Containing Lectures by W, Spottiswoode, P.R.S., 
Prot Forbes, Prof. Pigot, Prof. Barrett, Dr. Burdon- 
Sanderson, Dr. Lauder Brunton, F.R.S., Prof. Roscoe, 
and others. Crown 8vo. df. 

MANCHESTER SCIENCE LECTURES 
FOR THE PEOPLE. 

Eighth Series, 1876-7. Crown 8vo. Illastrated. &/. each. 

WHAT THE EARTH IS COMPOSED OF. By Professof 

RoscoB, F.R.S. 
THE SUCCESSION OP UFE OH THE EARTH. By 

Professor Williamson, F.R.S. 

WHY THE EARTH* S CHEMISTRY IS AS IT IS. By 
J. N. I^ckyer, F.R.S. 
Also complete in One Volume. Crown 8vo. cloth. 2J. 



AUE7Ui,Vl}IiB,--EL£M£NTAR Y APPLIED MECHANICS; 
being the simple and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of 
Elementary Mathematics. By T. Alexander, C.E., Professor 
of Civil Engineering in the Imperial College of Engineering, 
Tokei, Japan. Crown 8vo. 4s, 6</. 

B^TTANY. --FIRST LESSONS IN PRACTICAL BOTANY. 
By G. T. Bettany, M.A., F.L.S., Lecturer in Botany at 
Guy's Hospital Medical School. i8mo. is, 

BLANPORD— r^JS RUDIMENTS OF PHYSICAL GEO* 
GRAPHYFOR THE USE OF INDIAN SCHOOLS ; with 
a Glossary of Technical Terms employed. By H. F. Blanford, 
F.R.S. New Edition, with Illustrations. Globe 8vo. 2s, Sd. 

'BVB'KBm— UNITS AND PHYSICAL CONSTANTS. Vy 
J. D. Everett, F.R.S., Professor of Natural Philosophy, 
Queen's College, Belfast. Extra fcap. 8vo. /^. 6d. 

QBIHIB.— OUTLINES OF FIELD GEOLOGY. By Prof. 
Geikie, F.R.S. With Illustrations. Extra fcap. 8vo. y.6cf. 

iBAmAJJliB^BLOWPIPE ANALYSIS. By J. Landauer. 
Authorised English Edition by J. Taylor and W. E. Kay, of 
Owens College, Manchester. Extra fcap. 8vo. 4s. 6d. 
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um^— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS, Specially arranged for the first M.B. Course. By 
M. M. Pattison Muir, F.R.S.E. Fcap. 8vo. u. 6d, 

M'KBNI^RlOKr-'OCrTLINES OF PHYSIOLOGY IN ITS 
RELATIONS TO MAN. By J. G. M'Kendrick, M.D.. 
F.R.S.E. With Illustrations. Crown 8vo. I2J. td, 

mUBOa^—STUDIES IN COMPARATIVE ANATOMY. 

No. I. — The Skull of the Crocodile : a Manual for Students. 
By L. C. MiALL, Professor of Biology in the Yorkshire College 
and Curator of the Leeds Museum. 8vo. Is. (yd. 
No. II. — Anatomy of the Indian Elephant. By L. C. Miall 
and F. Greenwood. With Illustrations. 8vo. 5^. 

SUK'SiJX— AN ELEMENTARY TREATISE ON HEAT, IN 
RELATION TO STEAM AND THE STEAM-ENGINE. 
By G. Shann, M.A. With Illustrations. Crown 8vo. 4r. 6^ 

TANNER— i^/i?^r PRINCIPLES OF AGRICUL TURE. By 
H. Tanner, F.C.S., Professor of Agricultural Science, 
University College, Aberystwith, &c i8mo. u. 

THE PRINCIPLES OF AGRICULTURE: a Series of 
Reading-Books for use in Elementary Schools. Prepared by 
Professor Tanner. Extra fcap. 8vo. 

I, The Alphabet of the Principles of Agriculture, dd. 
II. Further steps in the Principles of Agricultm-e. is, 

\ynst ready, 

W-BJOnT— METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Wright, D.Sc, &c. 
Lecturer on Chemistry in St Mary's Hospital Medical School. 
Extra fcap. 8vo. 3^. 6d. 
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ATLN0J.1}—THE ROMAN SYSTEM OF PROVINCIAL 

ADMINISTRATION TO THE ACCESSION OF CON 

STANTINE THE GREAT. By W, T. Arnold, B.A. 

Crown 8vo. 6j. 

"Ought to prove a valuable handbook to the student of Roman 
history. — Guardian. 
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MnVBlMrSTOJilES FROM THE HISTORY OF ROMJS. 

By Mrs. Beesly. Fcap. 8vo. 2x. 6d, 

" The attempt appears to us in every way successful. The stories an 
interesting in themselves, and are told with peifect sim|>licity and good 
feeling."— Daily News. 

lA^OOVL— FRENCH HISTOR YFOR ENGLISH CHILDREN, 
By Sarah Brook. With Coloured Maps. Crown 8vo. ' dr. 

FHEBMAN (fiDWARD K.)— OLD ENGLISH HISTORY. 
By Edward A. Freeman, D.C.L., LL.D., late Fdlow of 
Trinity College, Oxford. With Five Colonted Maps. New 
Edition. Extra fcap. 8vo. half-bound. 6f . 

GREEN— ^ SHORT HISTORY OF THE ENGLISH 

PEOPLE, By John Richard Green, M.A., LL.D. With 

Coloured Maps, Genealogical Tables, and Chronological 

' Annals. Crown 8va 8x. 6d» Seventy-eighth Thousand. 

*' Stands alone as the one general histoi^ of the country » for the sake 
of which all others, if yo«mg and old are wise, will be speedily and sorely 
set aside." — Acadbmv. 

READINGS FROM ENGLISH HISTORY. Selected 

and Edited by John Richard Green, M.A., LL.D., 

Honorary .Fellow of Jesus College, Oxford. Three Parts. 

Globe 8yo. is. 6d. each. I. Hengist to Cressy. IL Cressy 

to Cromwell. III. Cromwell to Bal^ftva. 

ajJ^Bt^LECTURES ON THE HISTORY OF ENGLAND. 

By M. J. Guest. With Maps. Crown 8vo. 6s. 

" It is not too much to assert that this Is one of the very best class books 
of English History for young students ever published.'^— Scotsman. 

axSTORICAIi COURSE FOR SCHOOIitt — Edited by 
Edward A. Freeman, D.CL., late Fellow of Trinity 

College, Oxford. 

I. GENERAL SKETCH OF EUROPEAN HISTORY. 

By Edward A, Freeman, D.C.L. New Edition, revised 

and enlarged, with Chronological Table, Maps, and Index. ' 

i8mo. doth. ^j. 6iL 

** It supplies the great want of a good foundatioa for historical timchiny. 
The scheme is an excellent one, and this instalment has 1>een executed in 
a vray that promises much for the volumes that are yet to appear."— 
Educational Timks. 

II. HISTORY OF ENGLAND. By Edith Thompson. 
New Edition, revised and enlarged, with Coloured Maps. i8mo. 
2s. 6d. 

III. HISTORY OF SCOTLAND. By Margaret 
Macarthur. New Edition. i8mo. 2s, 

"An exedDent summary, unimpeachable as to &cts, and puttiag them 
in the clearest and most impartial light attainable."— Guasimak, 
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RtSTORICAI. OOURSB FOR SOBOOXiS Contmtud-^ 

IV. HISTORY OF ITALY. By tha Rev. W. Hunt, M.A. 
i8mo. 3J. 

"It poss«iS«sthasame solid merit as its predecessors .... the same 
scrupulous care about fidelity in details. ... It is distinguished, too. by 
information on ar^ architecture, and socW politics, in ^^ch the writer s 
grasp is seen by the firmn«is and clearness oc his touch" — Educational 

TiMBS. 

V. BIS70RY OF GERMANY. "Bij J. SiME. M.A. 
i8ma 3J. 

"A remarkably clear and impressive history of Germany. Its great 
eiwents are wisely kept as central figures, and the smaller events are care- 
fully kept, not only subordinate and subservient, but most skilfully woven 
into the texture of the historical tapestry presented to the eye." — 
Standarsw 

VI. HISTORY OF AMERICA. By John A. Doylk. 

With Maps. i8mo. 4/. 6^. 

" Mr. Doyle has performed his task with adiairable care, fulness, and 
deaurneis, and for the first time we have for schools an accurate and inter- 
esting history of America, from the earliest to the present tune."— 
Standard. 

EUROPEAN COLONIES. By E. J. Payne, M. A. With 

Maps. i8mo. ^. 6d, 

**We have seldom met with an historian capable of forming a mora 
comprehensive, far-seeing, and unprejudiced estimate of events and 

Sioples. and we can commend this little work as one certain to prove of 
e highest interest to all thoughtful readers. "— Timbs. 

FRANCE. By Charlotte M. Yonge. With Maps. i8mo. 

Zs.ed, 

"An admirable text-book for the lecture room."—- Academy. 

GREECE, By Edward A. Freeman, D.C.L. 

[In preparation. 

ROME. By Edward A. Frssman, D.C.L. [In the press, 

HISTORV PRIMERS— Edited by JOHN Richard Green. 

Author of «* A Short History of the English People." 

ROME. By the Rev. M. Crsighton, M.A., late Fellow 

and Tutot of Merton Coll^;e, Oxford. With Eleren Maps. 

i8mo. is. 

"The author haft been eurioosly loooesslbl In telfing la an intelli- 
fent way the story of Rome from first to last."— ScHOOi. Boakd 
Chxonicls. 

GREECE. By C. A. Fyffe, M.A., Fellow and lat« Tutor 

of University College, Oxford. With Five Maps. l8mo. is. 
"We giva our nnqiialified praise to this littk nanual. "-'School- 

KASTRX. 

EUROPEAN HISTORY: By E. A. Freeman, D.CL., 

LL.D. With Maps. iSmo. is. 

**The wodk is always dear, and forms a luminoas key to Europeaa 
hi'tory.*— School Board Chjumiicls. 
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HISTORY PRIMBRS ConHft$teil^ 

GREEK ANTIQUITIES. By the Rer. J. P. Makaffy, 

M.A. nittstrated. i8mo. is. 

" All that U necessary for the scholar to know is told so eompaetly jei 
so fully, and in « style so interesting, that it Is imposnble tax eren the 
dullest boy to look on this little work in the saaie light as he regMrds his 
other school books."-— Schoolmastkr. 

CLASSICAL GEOGRAPHY. By H. F. TozBR, M.A 

i8ma u. 

"Another valuable idd to the study of the andent world. ... It 
eontains an enormous quantity of infomiation packed into a small spacer 
and at the same dme cemanunieated b a very readable shape. **— Johw Bull. 

GEOGRAPHY. By Gborgs G&ovb, D.C.L. With Mi^PS' 

i8mo. u. 

" A aiodd of what such a work should be .... we know a£ no ahoct 
treatise better suited to infuse life and spirit into the dull lists of proper 
names of which our ordinary class-books so often almost exelnsively 
consist. "— TncBS. 

ROMAN ANTIQUITIES. By Professor WiLKiNS. Illiis- 

trated. i8mo. is. 

" A little book that throws a blase of light on Roman History, and 
is, moreover, intensely VDX.ctesAagi,**'-^chcol Board ChrvmcU. 

FRANCE. By Charlotte M. Yongk. iSmo. is. 

"May be considered a wonderfully successful piece of work. .... Its 
general merit as a vigorous and clear sketch, giving in a small space a 
vivid ideaof the history of France, remains undeniable." — Saturday 
Review. 

In preparation : — 
ENGLAND. By J. R. Grxsn, M.A. 

LETHBRIDGE— ^ SHORT MANUAL OF THE HISTORY 
OF INDIA. With an Account of India as it is. The 
Soil, Climate, and Productions ; the People, their Races, 
Religions, Public Works, and Industries ; the Civil Services, 
and System of Administration. By Roper Lethbridoe, 
M.A., C.T.E., Press Commissioner with the Government ot 
India, late Scholar of Exeter College, Oxford, formerly Principal 
of Kishnaghur College, Bengal, Fellow and sometime Examiner 
of the Calcutta University. With Maps. Crown 8vo. 5^. 

MICHBZ.ET— ^ SUMMARY OF MODERN HISTORY. 
Translated from the French of M. Michblbt, and contintted to 
the Present Time, by M. C. M. Simpson. Globe 8va 41. 6d. 

tXTTi^SCANDINAVIAN HISTORY. By E. C. Orri. 
With Maps. Globe 8vo. 6j. 

i?A\31mI—PIC7URES OF OLD ENGLAND. By Dr. R. 
Pauli. Translated with the sanction of the Author by 
E. C. Orri. Cheaper Edition. Crown 8vo. 6r. 
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r— ^ SCHOOL HISTORY OF ROME, By G. G. 
Ramsay, M.A., Professor of Hmnanitj in the University of 
Glasgow. With Maps. Crown 8vo. \In preparatwn, 

^KVS—ANAL YSIS OF ENGLISH HISTOR K, based on Green's 
" Short History of the English People." By C. W. A. Tait, 
M.A., Assistant-Master, Clifton College. Crown 8vo. 3^. dd, 

y^rtLJXBJXBL—A SHORT HISTORY OF INDIA AND OF 

THE FRONTIER STATES OF AFGHANISTAN, 

NEPAUL, AND BURMA. By J. Talboys Whmler. 

With Maps. Crown 8vo. I2j. 

" It is the best book of the kind we have ever seen, and we recommeml 
it to a place in every school library." — Educational Times. 

TONaB (OHARI.OTTB M.)— ^ PARALLEL HISTORY OF 
FRANCE AND ENGLAND : consisting of Outlmes and 
Dates. By Cha&lotts M. Yongb, Author of *'The Heir 
of Reddyffe,'* &c., &c. Oblong 4to. y. 6^ 
CAMEOS FROM ENGLISH HISTORY. -^TKOVL 
ROLLO TO EDWARD II. By the Author of «*The Heir 
of Reddyffe." Extra fcap. 8to. New Edition. %s. 
A SECOND SERIES OF CAMEOS FROM ENGLISH 
HISTOR Y-^THE WARS IN FRANCE. New Edition. 
Extra fcap. 8to. 51. 

A THIRD SERIES OF CAMEOS FROM ENGUSh 
^ZSTTOJer— THE WARS OF THE ROSES. New Edition. 
Extra fcap. 8vo. 51. 

A FOURTH 5iE^/i?.S^REF0RMATI0N TIMES. Extra 
Fcap. 8vo. 5^. 

EUROPEAN HISTORY Narrated in a Series or 
Historical Selections from the Best Authorities. Edited and 
arranged by E. M. Sewsll and C. M. Yongb. First Series, 
1003— 1 154. Third Edition. Crown 8vo. 6s. Second 
Series, 1088—1228. New Edition. Crown 8va ^. 

DIVINITY. 

*«* For other Works by these Authors, see Theological 

Catalogue. 

ABBOTT (RBV. B. K^Y-BIBLE LESSONS. By the Rer. 
E. A. Abbott, D.D., Head Master of the City of London 
School. New Edition. Crown 8va 4/. td, 

*^Wise. suggestive, and reaUy profound initiation into religions thooght" 
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AllKOI.D~i4 BIBLE-READING FOR SCBOOLS^tWOL 
GREAT PROPHECY OF ISRAEL'S RESTORATION 
(Isaiah, Chapters xL — Ixvi.). Arranged and Edited for Yonog 
Learners. By Matthew Arhold, D.C.L., formed/ 
Professor of Poetry in the University of Oxiord, and Fellow 
of OrieL New Edition. i8mQ. doth. \s, 
ISAIAH XL.'^LXVI. With the Shorter Prophedea allied 
to it Arranged and Edited, with Notes, by Matthbw 
Aanold. Crown 8vo. S^. 

CHEBTBAM— i4 CHURCH HISTORY OF THE FtRST 
SIX CENTURIES. By the Ven, Archdeacon Chxst- 
HAM. Crown 8vo. [In the press, 

CVmrRlS'-MANUAL OF THE THIRTY-NINE AR- 
TICLES, By G. H. CURTEIS, M.A,, Prindpal of the 
Lichfield Theological College. [In Reparation. 

GABKOIN— THE CHILDREN'S TREASURY OF BIBLE 
STORIES. By Mrs. Herman Gaskoin. Edited with 
Preface by the Rev, G. F. Maclcar, D.D. Part L— OLD 
TESTAMENT HISTORY. iSmo u. Part II.— NEW 
TESTAMENT. i8mo. u. Part III.— THE APOSTLES : 
ST. TAMES THE GREAT, ST. PAUL, AND ST. JOHN 
THE DIVINE. i8mo. u. 

OOLDBN TREASURY PSALTER— Students' Edition. Being 
an Edition of "The Psalms Chronologically Arranged, by 
Four Friends," with briefer Notes. i8ma 3x. 6d, 

GREBK TESTAMENT. Edited, with Introduction and Appen- 
dices, by Canon Westcott and Dr. F. J. A. Hort, Two 
Vols. Crown 8vo, los. 6d, each. 
Vol. I. The Text. 
Vol. n. Introduction and Appendix. 

HARDWICK— Works by Archdeacon Hardwick. 

A HISTORY OF THE CHRISTIAN CHURCH. 
Middle Age. From Gregory the Great to the Excommuni- 
cation of Luther. Edited by William Stubbs, M.A., R^ua 
Professor of Modem History in the University of Oxford. 
With Four Maps. Fourth Edition. Crown 8vo. lar. 6d, 
A HISTOR Y OF THE CHRISTIAN CHURCH DURING 
THE REFORMATION. Fourth Edition. Edited by Pro- 
fessor Stubbs. Crown 8va lor. 6^ 
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rnxmOr-CHURCH HISTORY OF IRELAND. By the Rev. 
Robert King. New Edition, a vols, Ciown 8to. 

\In fr^araHon, 

MAQXiBAR— Works by the Rev. G. F. MACLKAlt, D.D., 
Warden of St. Augustine's College, Canterbury. 

A CLASS-BOOK OF OLD TESTAMENT HISTORY. 
New Edition^ with Four Maps. iSxno. 4j. 6(/. 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, 
ineliidiiig the Connectioa of the Old and New Testament 
With Four Maps. New Edition. i8ma 5/. ^ 

A SHILLING BOOK OF OLD TESTAMENT 
HISTORY, for National and Elementaiy Schools. With 
Map. i8ma doth. New Edition. 

A SHILLING BOOK OF NEW TESTAMENT 
HISTORY, for National and Elementary Schools. With 
Map. i8mo. doth. New Edition, 

These works have been carefully abridged from the author's 
bugger manuals. 

CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND. NewEd. i8ma doth. u. 6d. 

A FIRST CLASS-BOOK OF THE CATECHISM OF 
THE CHURCH OF ENGLAND, with Scripture Proofs, 
for Junior Classes and Schools. New Edition. i8mo. 6^. 

A MANUAL OF INSTRUCTION FOR CONFIRMA- 
TION AND FIRST COMMUNION. WITH FRA YERS 
AND DEVOTIONS. 32ma doth extra, red edges. 2i. 

MAURICB— r^^ LORiyS PRAYER, THE CREED, AND 
THE COMMANDMENTS. Manual for Parents and School- 
nasten. To which is added the Order of the Scriptures. By the 
Rev. F. Dbnison Mauricb, M.A. i8mo. dotii, limp. if. 

VmoOVWa^A HISTORY OF THE BOOK OF COMMON 
PRAYER, with a Rationale of its Offices. By Francis 
P&OCTXK, M.A. Fourteenth Edition, revised and enlarged. 
Crown 8va los. 6d. 
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PBOCTBR AND lUkQWUiM— AN ELEMENTARY UTTRO* 
DUCTION TO THE BOOK OP COMMON PRA YER. 
Re-arranged and supplemented by an Explanation of the 
Morning and Evening Prayer and the Litany. By the 
Rev. F. Procter and the Rev. Dr. Maclrar. New 
and Enlarged Edition, containing the Communion Service and 
the Confirmation and Baptismal Offices. i8mo. 2r. td, 

P8AI«M8 or DAVID CHBONOI«OGICAI«I«Y ARRANGBn. 
Bj Four Friends. An Amended Version, with Historical 
Introduction and Explanatory Notes. Second and Cheaper 
Edition, with Additions and Corrections. Cr. 8va & . 6^. 

RAMBAV— 7»:5 CA TECHISEI^S MANUAL; or, the Church 
Catechism Illustrated and Explained, for the Use of Cleigy- 
men. Schoolmasters, and Teachers. By the Rev. Arthur 
RamsaXi M.A. New Edition. i8mo. u. 6(L 

ElVLVSOK—AN EPITOME OP THE HISTORY OP THE 
CHRISTIAN CHURCH By William Simpson, M.A. 
New Edition. Fcap. 8vo. 31. 6^ 

TRENCH— By R. C. TRENCH, D.D., Archbishop of Dublin. 
LECTURES ON MEDIEVAL CHURCH HISTORY^ 
Being the substance of Lectures delivered at Queen's College^ 
London. Second Edition, revised. 8vo. \2s, 

SYNONYMS OP THE NEW TESTAMENT. Ninth 
Edition, revised. 8vo. I2J. 

WB8TCOTT— Works by BROOKE Foss Wbstcott, D.D., Canon 
of Peterbotough* 

A GENERAL SURVEY OP THE HISTORY OP THE 
CANON OP THE NEW TESTAMENT DURING THE 
PIRST POUR CENTURIES. Fourth Edition. With 
Pre&ce on *' Supernatural Religion." Crown 8va lOf. M 

INTRODUCTION TO THE STUDY OP THE POUR 
GOSPELS. Fifth Edition. Crown 8vo. lOf. 6dL 

THE BIBLE IN THE CHURCH. A Popular Account 
of the Collection and Reception of the Holy Scriptures in 
the Christian Churches. New Edition. i8ma doth. 
4f . &^ 
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IwrBSTCOTT— HORT— r^TE NEW TESTAMENT IN THE 
ORIGINAL GREEK, The Text Revised by B. F. Westcott, 
D.D., Regius Professor of Divinity, Canon of Peterborough, 
and F. J. A. HoRT, D.D., Hulsean Professor of Divinity; 
Fellow of Emmanuel College, Cambridge ; late Fellows of 
Trinity College, Cambridge. 2 vols. Crown 8vo. loj. dd, each. 
Vol. I. Text. 
Vol. II. Introduction and Appendix. 

WILSON— 7»Z BIBLE STUDENTS GUIDE to the more 
Correct Understandmg of the English Translation of the Old 
Testament, by reference to the original Hebrew. By William 
Wilson, D.D., Canon of Winchester, late Fellow of Qaeen's 
College^ Oxford. Second Edition, carefully revised. 4to. 
doth. 25^. 

YONOE (GHARIiOTTB tH.ySCRIPTURE READINGS EOR 
SCHOOLS AND FAMILIES. By Charlotte M. Yongb, 
Author of "The Heir of Redclyflfe." In Five Vols. 
First Series. Genesis to Deuteronomy. Extra fcap. 
Sra IS, 6d. With Comments, 3f. Cd. 
Second Series. From Joshua to Solomon. Extra fcap. 
8vo. IX. 6d, With Conunents, .V. 6d, 
Third Sbries. The Kings and the Prophets. Extra fcap. 
Syo. is. 6(i. With Conmienta» 31. 6d, 
Fourth Series. The Gospel Times, ix. 6d. With 
Comments, extra fcap. 8to., ^f. 6d, 

Fifth Series. Apostolic Times. Extra fcap. 8vo. is. 6d. 
With Comments, ^. 6d. 

MODERN LANGUAGES, ART, ETC. 

ikBBOTT— ^ SHAKESPEARIAN GRAMMAR. An Attempt 
to illustrate some of the Differences between Elizabethan and 
Modem English. By the Rev. E. A. Abbott, D.D., Head 
Master of the City of London SchooL New Edition. Extra 
feap. 8vo. 6s. 

ANDBRBON— Z/A^i?^^ PERSPECTIVE, AND MODEL 
DRA WING. A School and Art Class Manual, with Questions 
and Exercises for Examination, and Examples of Examination 
Papers. By Laurknce Anderson. With Illustrations. 

Koyal 8vo. 2j. 

d 
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BARMMn—FIUST LESSONS IN THE PRINCIPLES OP 
COOKING, By LiiDY Barkbr. New EcUtioii. fSmo. u. 

BOVmK-^PIRST LESSONS JN FRENCH. By H. CouR- 
THQPS BowEN, M. A. Extra fcap. 8vo. \s, 

BBAUM ARCH AI8— ZiS BARBIER DE SE VILLE, Edited, 
with Introduction and Notes, by L. P. Blouet, Assistant 
Master in St. Paul's School. Fcap. 8vo. Jj. 6d, 

BBRVIRKB—EIRST LESSONS ON HEALTH. By J. Bkr- 
NZRS. New Edition. iSmo. is, 

BImAKIBTOK^THE teacher. Hints on School Manage- 
ment. A Handbook for Managers, Teachers' Asustants, and 
Pupil Teachers. By J. R. Blakiston, M.A. Crown 8vo. 
2s, 6d. (Recommended by the London, Birmingham, and 

Leicester School Boards.) 

" Into a comparatively small book he has crowded a great deal oi ex- 
ceedingly useful and sound advice. It is a plain, common-fiease book, 
full of hints to the teacher on the management of his school and his 
^Idren.— School Board Chrokiclb. 

BKBTM ANN— Works by HERMANN Brbymann, Ph.D^ Pro- 
fessor of Philology in the University of Munich. 
A FRENCH GRAMMAR BASED ON PHILOLOGICAL 
PRINCIPLES. Second Edition. Extra fcap. 8vo. 4*. 6d. 
FIRST FRENCH EXERCISE BOOK. Extra fcap. 8vo. 
4J. 6d, 
SECOND FRENCH EXERCISE BOOK. Extra fcap. 8va 

BBXiOYL'B— MILTON By Stopford Brooke, M.A. Fcap. 
8vo. IJ. 6</. (Green*s Classical Writers.) 

BV^Im-BB-^HUDIBRAS. Part I. Edited, with Introduction 
and Notes, by Alfred Milnes, B. A. Crown 8vo. 3^. 6d. 

CAMBRIDGE UNIVERSITY AIaKAI<IAOK AlTD RB- 
GISTER FOR 1881, being the Twenty-ninth Year ot 
Publication. Crown 8vo. 3J. 6d, 

GAUBBBWOOB— HANDBOOK OF MORAL PHILOSOPHY. 
By the Rev. Henry Calderwood, LL«>I>., Pko^tssor of 
Moral Philosophy, University of Edinburgh. Sixth Edition. 
Crown 8vo. 6s. 

COImImTRB-A primer of art. With lUusitnaions. By 
John Collier. i8mo. is. [Inwt^ditUely. 
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nA»m^TIfB PURGATORY OF DANTE. Edited, with 
Translation and Notes, by A. J. Butler, M.A., late Fellow 
of Trinity College, Cambridge. Crown 8vo. I2j. ^, 

DBiakMOTTE— ^ BEGJNNEKS DRAWING BOOK. By 
P. H. DsLAMOTTEy F.S.A. Progressively arranged. New 
Edition improved. Crown 8vo. 3^. 6</. 

TABNACnT—THE ORGANIC ME TJ/OD OF STUDYING 
LANGUAGES. By G. EuGfeNE Fasnacht, Author of 
" Macmillan*s Progressive French Course," Editor " Mac- 
millan's Foreign School Classics," &c. Extra fcap. 8vo. 

I. French. [Immediately, 

TAWO^nrr--TALES IN POLITICAL ECONOMY. By 
MiLLicsKT Garrett Fawcktt. Globe 8vo. y. 

rBAMOK-SCHOOL INSPECTION. By D. R. Fearon, 
M.A,, Assistant CommissioBier of Endowed Sdiools. Third 
Edition. Crown 8vo. 2s, 6d. 

rKEmaKlCK—HINTS TO HOUSEWIVES ON SEVERAL 

POINTS, PARTICULARLY ON THE PREPARATION 

OF ECONOMICAL AND TASTEFUL DISHES. By 

Mrs. Frederick. Crown 8vo. ^s.. 6d. 
^ ** This unpretending and useful little volume 'disdncdy suftplies a de- 

aderatum The author steadily keeps in view the simple aim of 

'making every-day meals at home, particularly the dinner, attractive,* 
without adding to the ordinary household expenses." — Saturday Reznew. 

ajMiLDsromR—sPELLiNG reform from an edu- 
cational POINT OF VIEW. By J. H. Gladstone, 
Ph.D., F.R.S., Member of the School Booed for IJoodon. 
New Edition. Crown 8vo. \s. td. 

&OTAiBVLVm—THE TRA VELLMR, or a ^lOBptxA «># Sodety ; 
and THE DESERTED VILLAGE. By Oliver Gold- 
smith. With Notes Philological and Explanatory, by J^ W. 
Hales M.A. Crown 8vo. 6d, 

^BAJX-D'TLOTHLftLB—CUTTINGOUTAND DRESSMAKING. 
From the French of Mdlle. E. Gra^d'homms. With Dia- 
grams. i8mo. IS. 

OSEEN^ SHORT GEOGRAPHY OF TflE BRITISH 
ISLANDS. By John Rich4BD Gr«en mud Alice 
Stopford Green. With Maps. Fcap. 8vo> y^ i6d^ 

The Times says : — ** The method of the work, so far as real instruction 

is concerned, is nearly «B that gwM he dftaire^ J» «gvat 'tnvit, in 

add I lion to its scientific arrangement and the attractive style so fsuniliar 
10 ilie readers of Green's SAart History is that the facts are so pfMented 

d 2 
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as to cornel the careful student to think for hlmseUl . . . The work may 
be read with pleasure and profit by anyone ; we trust that it will gradually 
find its way into the higher forms of our schools. With this text-book as 
his guide, an intelligent teacher mi^ht make geo^^phy what it really is— 
one of the most interesting and widely-instructive studies." 

USkJ^n—LONGER ENGLISH POEMS^ with Notes, Philo- 
logical and Explanatory, and an Introduction on the Teaching 
of English. Chiefly for Use in Schools. Edited by J. W. 
Halss, M.A,, Professor of English Literature at King's 
College, London. ' New Edition. Extra fcap. Svo. 4/. 6^. 

HOI.E— ^ GENEALOGICAL STEMMA OP THE KINGS 
OP ENGLAND AND PRANCE, By the Rev. C. Hole. 
On Sheet, u, 

JOHNSON'S LIVES OP THE POETS. The Six Chief Lives 
(Milton, Dryden, Swift^ Addison, Pope, Gray), with MacauJay's 
"Life of Johnson." Edited with Preface by Matthew 
Arnold. Crown 8vo. 6f. 

{■ITSRATURB PRIMBBS— Edited by JOHN RiCHARD Grsxn, 
Author of '< A Short History of the English People." 

ENGLISH GRAMMAR. By the Rev. R. Morris, LL.D.. 
sometime President of the Philological Society. iSmo. 
doth. u. 

ENGLISH GRAMMAR EXERCISES. By R. Morris, 
LL.D., and H. C. BowsN, M.A. iSmo. is. 

THE CHILDREN'S TREASURY OP LYRICAL 
POETRY. Selected and arranged with Notes by Francis 
Turner Palgravx. In Two Parts. i8mo. \s. each. 

ENGLISH LITERATURE. By Stopford Brooks, 
M.A. New Edition. i8mo. it. 

PHILOLOGY. By J. Pbile, M.A. i8ma is. 
GREEK LITERATURE. By Professor Jebb, M.A. i8mo. is. 
SHAKSPERE. By Professor Dowdbn. i8ma is. 
HOMER. By the Right Hon. W. E. Gladstone, M.P. 

ENGLISH COMPOSITION. By Professor Nichol. i8mo. 
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In preparation : — 

LA TIN UTBRA TURE. By Professor Sesley. 
HISTORY OP THE ENGLISH LANGUAGE. By 
J. A. H. Murray, LL.D. 

SPECIMENS OF THE ENGLISH LANGUAGE. 
To Illastrate the above. By the same Author, 

MACKILIiAN'8 GOPY-BOOK8- 

Published in two sizes, viz. ; — 

I. Laige Post 4to. Price a^, each, 
a. Post Oblong. Price za, each. 

1. INITIATORY EXERCISES ^ SHORT LETTERS. 

•2. WORDS CONSISTING OP SHORT LETTERS. 

•3. LONG LETTERS. With words containing Lonj? 
Letters — Figures 

*4. WORDS CONTAINING LONG LETTERS. 

4a. PRACTISING AND REVISING COPY-BOOK. Fo: 
Nos. I to 4. 

♦5. CAPITALS AND SHORT HALF TEXT Words 
beginning with a Capital 

•6. HALF-TEXT WORDS, beginning with a Capital- 
Figures. 

•7. SMALL-HAND AND HALF-TEXT. With Capitals 
an4 Figtires. 

•8. SMALL-HAND AND HALF- TEXT. With Capitols 
9nd Figures. 

8a. PRACTISING AND REVISING COPY-BOOK. For 
Nos. 5 to 8. 

♦9. SMALL-HAND SINGLE HEADLINES—YK^atA. 

10. SMALL-HAND SINGLE HEADLINES— Y\gajt&. 

•11. SMALL-HAND DOUBLE HEADLINES-^FigVLre*. 

12. COMMERCIAL AND ARITHMETICAL EX- 
AMPLES, &»€. 

12a. PRACTISING AND REVISING COPY-BOOX. Foi 
Nos. 8 to 12. 

* TTieu numbers may be had with Goodmatfn Patent Sliding 
Copies. Large Post 4to. Price (yJ «:.i K. 
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UAGMILUkN'B COPY-BOOKS Continued— 

By a simple device the copies, which are prmted npon separate 
slips, are arranged with a movable at^^hment, by which they 
are adjusted so as to be directly before the eye of the pupil at 
all points of his progress. It enables him, alsd^ to keep his 
own £aults concealed, with perfect models constantly in view 
for imitation. Every experienced teacher knows the advantage 
of the slip copy, . but its practical application has never before 
been successfully accomplished. This feature is secured ex- 
clusively to Macmillan's Copy-books under Goodman's patent. 

MACMILZaAN'S PROGRESSIVS FRENCH COURSE— By 

G. Eugene- Fasnacht, Senior Master of Modem Languages, 
Harpur Foundation Modem School, Bedford. 

I. — First Year, containing Easy Lessons on the R^ular Ac- 
cidence. Extra fcap. Svo. is, 

II. — Second Year, containing Conversational Lessons on 
Systematic Accidence and Elementary S3mtax. With Philo- 
logical Illustrations and Etymological Vocabulary, is. 6d. 

III. — Third Year, containing a Systematic Syntax, and 
Lessons in Composition. Extra fcap. Svo. 2s. 6d. 

MACMIZiLAN'S PROGRESSIVE FRENCH READERS— 

By G. EUGiNE-FASNACHT. 

I. — First Year, containing Tables, Historical Extracts, 
Letters, Dialogues, Fables, Ballads, Nursery Songs, &c., 
with Two Vocabularies : (i) in the order of subjects ; (2) in 
alphabetical order. Extra fcap. Svo. 2s, 6d, 

II. — Second Year, containing Fiction in Prose and Verse, 
Historical and Descriptive Extracts, Essays, Letters, Dialogues, 
&c. Extra fcap. Svo. 2s, 6d. 

mAcanxAjLV's FBoosBsennB oaRMAxr oomiBiH-Bf 

G. EuGiNE Fasnacht. 

Part I. — First Year. Easy Lessons and Rules on the Regolar 
Accidence. Extra fcap. Svo. is, 6d, 

Part II. — Secokd Year. Conversational Lessons in Sys- 
tematic Accidence and Elementary Syntax. With Philological 
lUustrations and Etymological Vocabulary. Extra fcap. 
Svo. 2S. 
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fHACfUtlslMAWS FOREIGN SCHOOL CLASSICS. Edited by 
G. £ug£;ne Fasnacht. iSmo. 



CORNEILLR—LE CW. Edited by G. E. Fasnacht. ij. 

MOLlME—LES FEMMES SAVANTES, Edited by 
G. E, Fasnacht. [Just Ready ^ 

MOLlkRE 'LE MADECIN MALGR& LUL By the 
same Editor. \In preparaium, 

MOLIMRE-^CA VARE, Edited by L. Moriarty, B.A., 
Assistant -Master at Rossall. 

SELECTIONS FROM i^RENCH HISTORIANS. Edited 
by C. COLBECK, M.A., late Fellow of Trinity College, Cam- 
bridge; Assistant-Master at Harrow. \In preparation, 

VOLTAIRE^CHARLES XIL Edited by G. E. Fasnacht, 

\In preparation, 
OBRMAir. 

GOETHE—GOETZ VON BERLICHINGEN Edited 
by W. G. GuiLLEMARD, M.A., Assistant-Master at Harrow, 
and H. A. Bull, B.A., Assistant-Master at Wellington. 

\Ih preparation, 

HEINE— SELECTIONS FROM THE PROSE WRIT- 
INGS. Edited by C. CoLBECK, M.A. \In preparation, 

UHLAND '-' SELECT BALLADS, Edited by G. E. 
Fasnacht. \In preparation. 

SELECTIONS FROM GERMAN HISTORIANS, By 
the same Editor. Part I. — ^Ancient History. [In preparation, 

*#* Other volumes to follow, 

MAHTIK— THE POET'S HOUR: Toe^ selected and 
arranged for Children. By Frances Martin. Third 
Edition. i8mo. 2s, 6d, 

SPRING-TIME WITH THE POETS: Poetry selected by 
Frances Martin. Second Edition. i8mo. y, 6d, 
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MA880N (GUBTAVB)— ^ COMPENDIOUS DICTIONARY 
OF THE FRENCH LANGUAGE (French-English and 
English -French). Adapted frcjm the Dictionaries of Professor 
Alfred Elwall. Followed by a List of the Principal Di- 
verging Derivations, and preceded by Chronological and 
Historical Tables. By GusTAVB Masson, Assistant-Master 
and Librarian, Harrow School Fourth Edition. Crown 8vo, 
half-bound. 6f. 

MOLXERE^Z^ MALADE IMAGINAIRE. Edited, with 
Intioduction and Notes, by Francis Tarver, M. A., Assistant- 
Master at Eton. Fcap. 8vo. 25, 6d, 

iffOBRIS— Works by the Rev. R. Morris, LL.D. 

HISTORICAL OUTLINES OF ENGLISH ACCIDENCE^ 
comprising Chapters on the History and Development of the 
Language, and on Word-formation. New Edition. Extra 
fcap. 8vo. 6j. 

ELEMENTARY LESSONS IN HISTORICAL 
ENGLISH GRAMMAR, containing Accidence and Word- 
formation. New Edition. iSmo. ar. 6^, 

PRIMER OF ENGLISH GRAMMAR, iSmo. is, 

OMPHANT— 7W^ OLD AND MIDDLE ENGLISH A 
New Edition of *' THE SOURCES OF STANDARD 
ENGLISH" revised and greatly enlarged. By T. L. King- 
ton Oliphant. Extra fcap. 8vo. gs, 

PALGRAVB— r^iS CHILDREN'S TREASURY ' OF 
LYRICAL POETRY, Selected and Arranged with Notes 
by Francis Turner Palgrave, i8mo. 2s, 6d, Also in 
Two parts. i8mo. is, each. 

PLUTARCH — Being a Selection from the Lives which Illustrate 
Shakespeare. North's Translation. Edited, with Intro- 
ductions, Notes, Index of Names, and Glossarial Index, by 
the Rev. W. W. Skeat, M.A. Crown 8vo. 6x. 
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VYlMDVr—NEW GUIDE TO GERMAN CONVERSA- 
TION': containing an Alphabetical List of nearly 800 Familiar 
Words followed by Exercises, Vocabulary of Words in frequent 
use ; Familiar Phrases and Dialogues ; a Sketch of German 
Literature, Idiomatic Expressions, &c. By L. Pylodbt. 
l8mo. cloth limp. 2J. 6(L 

A SYNOPSIS OF GERMAN GRAMMAR. From the 
above. iSmo. td, 

QUEEN'S COLZaEOE I.ONDON. ThB CaLHNDAR, 1879-80, 
1880-81, 1881-82. Fcap 8vo. Each is. 6d. 

READING BOOKS — ^Adapted to the English and Scotch Codes. 
Bound in Cloth. 

PRIMER. i8ma (48 pp.) id. 

BOOK L for Standard I. i8mo. (96 pp.) 4//. 

„ II. „ II. i8mo. (144 pp.) 5^« 

III. „ IIL i8mo. (160 pp.) fidT. 

IV. „ IV. l8mo. (176 pp.) %d. 
V. . „ V. l8mo. (380 pp.) \s. 

VI. „ VI. Crown 8vo. (430 pp.) u. 



%% 



Book VI. is fitted for higher Classes, and as an Introduction to 
English Literature. 

" They are far above any others that have appeared both in form and 
substance. . . . The editor of the present series has rig^htly seen that 
reading^ books must 'aim chiefly at giving to the pufnls the power of 
accurate, and, if posnble, apt and skilful expression ; at cultivating in 
them a good literary taste, and at arousing a deare of further reading. 
This is done by taking care to select the extracts from true English classics, 
going up in Standara VI. course to Chaucer, Hooker, and Bacon, as well 
as WordsworUi. Macaulay^and Froude. . . . This is quite on the right 
track, and indicates justly the ideal which we ought to set before us.*'— 

/ GUASDIAN. 

8HAKESPEABB— ^ SHAKESPEARE MANUAL. By F. G. 
Fleay, M.A., late Head Master of Skipton Grammar School 
Second Edition. Extra fcap. 8vo. 4^ . td. 
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AN ATTEMPT TO DETERMINE THE CHMNO- 
L OGICAL ORDER OP SffAKESPEARJPS PL A KS. By 
the Rev. H. Paihe Stokes, B.A. Extra fcap. 8vo. 4J. 6d, 

THE TEMPEST. With Gtdssaria} and ExpUmatory Notes. 
By the Rev. J. M. Jrphson. New Editimt. t8mo. r^. 

i6NNSN80RBX»r and MBXKI.SJOHN — THE ENGLISH 
METHOD OF TEACHING TO READ. By A. SoN- 
NENSCHEIN and J. M. D. Mkiklejohn, M. a. Fcap. 8vo. 

COMPRISING : 

THE NURSERY BOOK, contaimng aU the Two-Lettej 
Words in the Language. \d. (Also in I^argc Type on 
Sheets for School Walls. 5x.) 

THE FIRST COURSE, consisting of Short Vowels with 
Single Consonants. 6^. 

THE SECOND COURSE, with Coml!»nations and Bridges, 
consisting of Short Vowels with Double Consonants. 6d, 

THE THIRD AND FOURTH COURSES, consUtmg of 
Long Vowds, and all the Double Vowels in the Language. 
6d. 

"Theie are admirable books, because they are constructed on a prin- 
ciple» and that the simplest principle on which it is possible to learn to read 
English. ' — Spbctatok. 

STEPHEN—^ DIGEST OF THE LAW OF^^EVIDENCE. 
By Sir James Fitzjames Stephen, a Judge of the High 
Court of Justice, Queen's Bench Division. Fourfh Edition. 
Crown 8vo. 6s, 
** Mb. intahiable text-book to students."— Tub Timbs. 

I^KTLOIS.— WORDS AND PLACES; or, Etymological Illus- 
trations of History, Ethnology, and Geography. By the Rev. 
Isaac Taylor, M.A. Third and cheaper Edition, revised 
and compressed. With Maps. Globe Svo. 65, 

TATI.OR— i4 PRIMER OF PIANOFORTE PLA YING. By 
Franklin Taylor. Edited by George Grove. i8mo. ix. 
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r^mtSTBOXSOL'^IfOUSEffOLD MANAGEMENT AND 

COOKERY, "Wifli BA Appendix of Recipes umA bf the 
Teachers of the National School of Cookery. By W. B. 
TsOKTif BnSR. Compfled at th« teqvBit <£ tbc School Board 
for IxmdoB. itoo. u. 

*' Admnrably adapted to the use for which it is de^pied."— Athbn^um. 

"A seasonable and thorouj^My p c acli ca l manual. ... It can be consulted 
readily and the information it contains is given in the simplest language.*' 
— PiLU. Mali- Gazkttk, 

THB CttOBB BBADBRS. For Standards I. — VI. Edited by 
A. F. MURISON. With Illustrations. [Immediately, 



\^FIRST LESSONS IN BOOK-KEEPING. By 
J. Thornton. Crown 8vo. 2j. 6</. 

The object of this Tokune is to make the theory <^ Bookkeeping suf- 
^•ntly plain for even children to understand it. 

TBBlNGh— Works by Edward Thring, M. A., Head Master of 
Uppingham. 

Tim ELEMENTS OF GRAMMAR TAUGHT IN 
ENGLISH. Widi QuestioBS. Fourth Edition. rSmo. 2j. 

TRBNCH (ARCHBI8HOF>— Works by R. C T&SKCH, D.D., 
Archbisliop of Dublin. 

HOUSEHOLD BOOK OF ENGLISH POETRY. Selected 
and Arranged, with Notes. Third Edition. Extra fcap. 8vo. 

ON THE STUDY OF WORDS. Seventeenth Edition, 
reyised, Fcap. 8va y. 

ENGLISH, PAST AND PRESENT. Eleventh Edition, 
revised and improved. Fcap. ^vo. ^s. 

A SELECT GLOSSARY OF ENGLISH WORDS, used 

formerly in Senses Different from their Present. Fifth 
Edition, revised and enlarged. Fcap. 8vo. $i. 

VAJJQUKYH (G.VL.)- WORDS FROM THE POETS. By 
C. M. Vaughan. New Edition. i8mo. doth. is. 
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VICTORIA UNIVERSITY CAI.ENDAR, with the Calendar of 
the Onrbns College, 1880-1881, 1881-1882. Crown 8vo. jx. 

VINCENT and mOlLBOlU'-HANDBOOK TO MODERN 
GREEK. By Edgar Vincent, Coldstream Guards, and 
T. G. DiCKSOK, M.A. With Prefece by Professor J. S. 
Blackie. Extra fcap. 8to. 5^. 

" This is a gjammar and conversation book in one, and avoids with great 
success the tediousness too common in grammars and the silliness too 

common in conversation books It will not be Messrs. Vincent and 

Dickson's fault if their work does not contribute materially to the study 
of Greek by Englishmen as a living language." — Pall Mall Gazbttb. 

WARD— rzr^ ENGLISH POETS, Selections, with Critical 
Introductions by various Writers and a General Introduction 
by Matthew Arnold. Edited by T. H. Ward, M.A. 4 
Vols. Vol. I. CHAUCER to DONNE.— Vol. II. BEN 
JONSON TO DRYDEN. — Vol. III. ADDISON to 
BLAKE. —Vol. IV. WORDSWORTH to SYDNEY 
DOBELL. Crown 8vo. Each *js. 6d. 

" They fill a gap in English letters, and they should find a place in erery 
school library. It is odds but they will delight the master and be the 
pastime of the boys. . . . Mr. Ward is a model Editor. . . . English 
poetry is epitomised ; and that so brilliantly and well sis to make the book 
m which the feat is done one of the best puohcations of its epoch.'*— Tub 
Teacher. 

WHITNEY — Works by WiLLiAM D. Whitney, Professor of 
Sanskrit and Instructor in Modem Languages in Yale College. 

A COMPENDIOUS GERMAN GRAMMAR. Crown 
8vo. 4r. 6d, 

A GERMAN READER IN PROSE AND VERSE, with 
Notes and Vocabulary. Crown 8va Sj. 

WHITNEY AND EDGREN— i4 COMPENDIOUS GERMAN 
AND ENGLISH DICTIONARY, with Notation of Cor- 
respondences and Brief Etymologies. By Professor W. D. 
Whitney, assisted by A. H. Edgren, Crown 8vo. *]s, 6d, 

THE GERMAN-ENGLISH PART, separately, 5^. 



MODERN LANGUAGES, ART, ETC. 6i 

WBlonr—TI/E SCHOOL COOKERY BOOK. CompUcd 
and Edited by C. £. Guth&ib Wright, Hon. Sec. to the 
Edinburgh School of Cookery. i8mo. is. 

Sir T. D. AcLAND, Bart , says of this book :— " I think the < School 
Cookery Book ' the best cheap^ manual which I have seen on the subject. 
I hope teachers will welcome it. But it seems to me likely to be even 
more useful for domestic purposes in all ranks short of those served by 
fxrofessed cooks. The receipts are numerous and precise, the explana- 
tion of principles clear. The chap ers on the adaptation of iood to 
varying circumsiances, age, climate employment health and on infants' 
food, seem to me excellent." 

YONGE (CHABI.OTTB VL.y^THE ABRIDGED BOOK OB 
GOLDEN DEEDS. A Reading Book for Schools and 
general readers. By the Author of '' The Heir of Red- 
dyffe." i8mo. doth, it. 



Now pttbUthing, in Crown 8vo, price 2f. 6^* each. 

ENGLISH MEN OF LETTERS. 

Edited by JOHN HORLET. 

•These excellent biographies should be made clas«-hooks for schools."— 

" W'ESTUINSTBR RbVIBW. 

JOHNSON. By Lesue Stephen. 
SCOTT. By R. H. HUTTON. 
GIBBON. By J. C. MORISON. 
SHBUltBY. By J. A. Symonds. 
HUMB. By Professor Huxley, F.R.S. 

GOLDSMITH. By WiLLIAM BLACK. 

DEFOB. By W. MiNTO. 

BURNS. By Principal Shairp. 

SPENSER. By the Very Rev. the Dean of St. Paul's. 

THACKERAY. By ANTHONY TrOLLOPE. 

BURKE. By JOHN MORLEY. 

MILTON. By MARK PattISON. 

HAWTHORNE. By HENRY James, Junr. 

SOUTHEY. By Professor Dowden. 

CHAUCER. By Professor A. W. Ward, 

BUNYAN. By James A. Froude. 

POPE. By Leslie Stephen. 

BYRON. By Professor Nichol. 

COWPER. By GoLDWiN Smith. 

LOCKE. By Professor FoWLER. 

WORDSWORTH. By F. W. H. MYERS. 

DRYDEN. By G. Saintsbury. 

LANDOR. ^y Professor Sidney Colvin. 

DS QUINCBY. By Professor Masson. 

IN PREPARATION. 
SWIFT. By John Morley. 

ADAM SMITH. By LEONARD H. COURTNEY, M.P. 
BBNTLEY. By Professor R. C. Jebb. 
DICKENS. By Professor A. W. Ward. 
BERKELEY. By Professor Huxley. 
CHARLES LABKB. By Rev. ALFRED AiNGER. 
STERNE. By H. D. TrAILL. 
SIR PHILIP SIDNEY, By J. A. SymoNDS. 
MACAULAY, By J. COTTER MORISON. 

GRAY, By Edmund Gosse. 

Other Volumes wiil folkw. 



MAGMILLAN'S GLOBE LIBRARY. 

Pnce 3^. 6d?, per volume^ in cloth. Also kept in a variety of calf and 
morocco bindings, cU moderate prices. 

" The ^Globe Editions are admirable for their scholarly editing, their typo- 
graphical excellence, their compendious form, and their cheapness. ''--^Saturday 
RsviBW. 

Sliakespeare's Complete Works. — ^Edited by W. G. Clark, 
M.A., and W. Aldis Wright, M.A., Editors of the 
** Cambridge Shakespeare." With Glossary. 

Spenser's Complete Works- — Edited from the Original Editions 
and Manuscripts, by R. Morris, with a Memoir by J. W. 
Hales, M.A. Witii Glossary. 

Sir W^alter Scott's Poetical Works. — Edited, with a 
Biographical and Critical Memoir, by Francis Turner 
Palgrave, and copious Notes. 

Complete Works of Robert Boms. — Edited from the best 
Printed and Manuscript authorities, with Glossarial Index, 
Notes, and a Bic^raphical Memoir by Alexander Smith. 

Robinson Crusoe. — Edited after the Original Editions, with a 
Biographical Introduction by Henry Kingsley. 

Goldsmith's Miscellaneous Works.— Edited, with Biographical 
Introduction, by Professor Masson. 

Pope's Poetical Works.— Edited, with Notes and Introductory 
Memoir, by A. W. Ward, M.A., Professor of History in 
Owens College, Manchester. 

Dryden's Poetical Works.— Edited, with a Memoir, Revised 
Text and Notes, by W. D. Christie, M. A., of Trinity College, 
Cambridge. 

Cowper's Poetical Works. — Edited, with Notes and Biographi- 
cal Introduction, by William Benham. Vicar of Marden. 

Morte d'Artkur.— SIR THOMAS MALORY'S BOOK OF 
KING ARTHUR AND OF HIS NOBLE KNIGHTS OF 
THE ROUND TABLE.— The original Edition of Caxton, 
revised for Modem Use. With an Introduction by Sir 
Edward Strachey, Bart. 

The Works of Virgil.— Rendered into English Prose, with 
Introductions, Notes, Running Analysis, and an Index. By 
James Lonsdale, M.A., and Samuel Lee, M.A. 

The Works of Horace.— Rendered into English Prose, with 
Introductions, Running Analysis, Notes, and Index. By James 
1;x)nsdale, M.A., and Samuel Lee, M.A. 

Milton's Poetical Works. — Edited, with Introductions, by 
Professor Masson. 

MACMILLAN and CO., LONDON. 
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